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Lqqrydwlrq dqg wkh Hphujhqfh ri Pdunhw Grplqdqfh
Vxvdq Dwkh| dqg Duplq Vfkpxw}ohu
Wklv Gudiw= Rfwrehu/ 4<<<1
Devwudfw= Wklv sdshu dqdo|}hv d prgho ri roljrsrolvwlf frpshwlwlrq zlwk rqjrlqj
lqyhvwphqw1 Lw lqfrusrudwhv wkh iroorzlqj prghov dv vshfldo fdvhv= lqfuhphqwdo lqyhvw0
phqw/ sdwhqw udfhv/ ohduqlqj0e|0grlqj/ dqg qhwzrun h{whuqdolwlhv1 Zh lqyhvwljdwh flu0
fxpvwdqfhv xqghu zklfk d up zlwk orz frvwv ru kljk txdolw| zloo h{whqg lwv lqlwldo ohdg
wkurxjk ixuwkhu frvw0uhgxflqj ru txdolw|0lpsurylqj lqyhvwphqwv1 Lq pdq| frpprqo|0
vwxglhg roljrsro| jdphv/ vxfk lqyhvwphqwv duh vwudwhjlf vxevwlwxwhv1 Zh ghulyh d qhz
frpsdudwlyh vwdwlfv uhvxow wkdw dssolhv wr jdphv zlwk vwudwhjlf vxevwlwxwhv/ dqg zh xvh
wkh uhvxow wr ghulyh frqglwlrqv xqghu zklfk ohdglqj upv lqyhvw pruh wkdq odjjlqj upv1
Zh vkrz wkdw wkh frqglwlrqv duh vdwlvhg lq d ydulhw| ri frpprqo|0vwxglhg roljrsro|
prghov1 Zh dovr kljkoljkw sodxvleoh frxqwhuydlolqj hhfwv iurp wzr glvwlqfw vrxufhv1
Iluvw/ ohdglqj upv pd| qg lw pruh frvwo| wkdq rwkhuv wr dfklhyh wkh vdph lqfuhphqw
wr wkhlu vwdwh1 Wklv irufh lv sduwlfxoduo| vdolhqw lq pdq| prghov ri sdwhqw udfhv/ zkhuh
upv pdnh uhvhdufk lqyhvwphqwv lq dq dwwhpsw wr qg d qhz whfkqrorj| wkdw gholyhuv
d jlyhq ohyho ri frvw ru txdolw|1 Vhfrqg/ frxqwhuydlolqj hhfwv pd| dulvh lq g|qdplf
jdphv zlwk pruh wkdq wzr upv/ zkhq upv duh vx!flhqwo| sdwlhqw1
MHO Fodvvlfdwlrq Qxpehuv= O44/ O46/ O74/ R631
Nh|zrugv= Roljrsro| jdphv/ vwudwhjlf vxevwlwxwhv/ lqqrydwlrq/ lqyhvwphqw/ lqfuhdvlqj
grplqdqfh/ pdunhw frqfhqwudwlrq1
bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb
-D!oldwlrqv= Vxvdq Dwkh|/ Ghsduwphqw ri Hfrqrplfv/ Pdvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj|/
83 Phpruldo Gulyh/ H850585F/ Fdpeulgjh/ PD 35475/ XVD> dqg Qdwlrqdo Exuhdx ri Hfrqrplf
Uhvhdufk1 h0pdlo= dwkh|Cplw1hgx1 Duplq Vfkpxw}ohu/ Vr}ldoùnrqrplvfkhv Vhplqdu/ Xqlyhuvlwçw
]ÿulfk/ Eoÿpolvdosvwu1 43/ ;339 ]ÿulfk/ Vzlw}huodqg/ h0pdlo= duplqvfkCvr}rhf1xql}k1fk1
Zh duh judwhixo wr Udedk Dplu/ ]dyd D|ghplu/ N|oh Edjzhoo/ Deklmlw Edqhumhh/ Phq0Dqgul
Ehq}/ Oxlv Fdeudo/ Wkrpdv Jhkulj/ Ere Jleerqv/ Dlmd Ohlsrqhq/ Sdxo Plojurp/ Zdoo| Pxoolq/
Dqguhdv Sron/ Plnh Ulrugdq/ dqg vhplqdu dxglhqfhv dw PLW/ Iuhlexuj/ Wrulqr +HDULH, dqg
]ÿulfk iru khosixo glvfxvvlrqv1 Wkrpdv Eruhn surylghg h{fhoohqw uhvhdufk dvvlvwdqfh1 Dwkh|
wkdqnv wkh QVI +VEU0<964:93, iru qdqfldo vxssruw1
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4 Lqwurgxfwlrq
Wklv sdshu vwxglhv wkh g|qdplfv ri pdunhw vwuxfwxuh lq d vhwwlqj zkhuh upv kdyh wkh
rssruwxqlw| wr lqqrydwh/ iru h{dpsoh e| lqyhvwlqj lq frvw uhgxfwlrq1 Rxu jrdo lv wr xqghuvwdqg
frqglwlrqv xqghu zklfk upv zlwk dq lqlwldo dgydqwdjh lqfuhdvh ru ghfuhdvh wkhlu lqyhvwphqwv
dqg pdunhw vkduhv ryhu wlph1 Zh irfxv rq fkdqjhv lq frqfhqwudwlrq wkdw dulvh wkurxjk upv*
fkrlfhv derxw dfwlylwlhv vxfk dv lqyhvwphqw lq uhvhdufk dqg ghyhorsphqw dqg dgyhuwlvlqj1 Zh
h{dplqh frqglwlrqv xqghu zklfk zhdn lqfuhdvlqj grplqdqfh hphujhv/ zkhuhe| ohdglqj upv
lqyhvw pruh lqwr lpsurylqj wkhlu vwdwh1 Zh dovr glvfxvv xqghu zklfk frqglwlrqv wklv lpsolhv
vwurqj lqfuhdvlqj grplqdqfh/ zkhuhe| wkh kljkhu lqyhvwphqw ohyhov ri ohdglqj upv uhvxow lq
lqfuhdvlqj pdunhw vkduhv1
Wkh hpslulfdo hylghqfh derxw wkh g|qdplfv ri frqfhqwudwlrq looxvwudwhv wkdw d ydulhw| ri
skhqrphqd duh srvvleoh1 Lqfuhdvlqj grplqdqfh ri wkh pdunhw ohdghu lv qrw xqfrpprq1 Wkh
prvw reylrxv h{dpsohv frqfhuq qhwzrun hhfwv ru ohduqlqj0e|0grlqj14 Lqfuhdvlqj grplqdqfh
kdv dovr ehhq grfxphqwhg dv dulvlqj wkurxjk d surfhvv ri frvw0uhgxflqj ru ghpdqg0hqkdqflqj
lqyhvwphqwv lq uhwdlo pdunhwv +Edjzhoo hw do +4<<:,, dqg dgyhuwlvlqj0lqwhqvlyh lqgxvwulhv
+Vxwwrq +4<<4,/ Edjzhoo dqg Udph| +4<<7,,15 Rq wkh rwkhu kdqg/ lqfuhdvlqj grplqdqfh
grhv qrw dozd|v dulvh lq vxfk vhwwlqjv16
Wr surylgh lqvljkw lqwr wkhvh sdwwhuqv/ dqg zh ghyhors d jhqhudo wkhruhwlfdo prgho ri
frpshwlwlrq dprqj wzr ru pruh roljrsrolvwv1 Lq rxu prgho/ upv pd| pdnh lqyhvwphqwv
lq hdfk shulrg/ zkhuh zh xvh wkh whup lqyhvwphqw yhu| eurdgo|1 Iru h{dpsoh/ upv pd|
pdnh lqyhvwphqwv lq surfhvv lqqrydwlrqv wkdw ohdg wr frvw uhgxfwlrq/ vr wkdw wkh fxuuhqw
4Qhwzrun hhfwv kdyh ehhq zlgho| flwhg dv wkh uhdvrq zk| YKV pdqdjhg wr udslgo| h{whqg frpsdudwlyho|
qhjoljleoh lqlwldo dgydqwdjhv ryhu Ehwdpd{ lq wkh pdunhw iru ylghrfdvvhwwh uhfrughuv> pruh uhfhqwo|/ srolf|0
pdnhuv kdyh irfxvhg rq wkh uroh ri qhwzrun hhfwv lq frpsxwhu rshudwlqj v|vwhpv dqg dssolfdwlrqv1 Vhplqdo
prghov ri qhwzrun hhfwv lqfoxgh Ndw} dqg Vkdslur +4<;9, dqg Iduuhoo dqg Vdorqhu +4<;9,1 Ohduqlqj0e|0
grlqj hhfwv kdyh ehhq dqdo|}hg lq wkh frqwh{w ri dlufudiw surgxfwlrq dqg rwkhu pdqxidfwxulqj surfhvvhv>
vhh Fdeudo dqg Ulrugdq +4<<7, iru ixuwkhu h{dpsohv1
5Lq dqrwkhu h{dpsoh/ wkh hpslulfdo olwhudwxuh frqfhuqlqj wkh surgxfw f|foh hpskdvl}hv wkdw zkhq d
uhodwlyho| pdwxuh vwdjh ri pdunhw ghyhorsphqw lv uhdfkhg/ d vkdnh0rxw ri upv dulvhv1 Vxfk d vkdnh0rxw
riwhq dulvhv ehfdxvh vrph upv pdqdjh wr uhgxfh surgxfwlrq frvwv idvwhu wkdq rwkhuv +Nohsshu 4<<9,1
6Juxehu*v +4<<7, dffrxqw ri wkh vhplfrqgxfwru lqgxvwu| vkrzv wkdw wkh g|qdplf sdwwhuqv zlwklq jhqhu0
dwlrqv ri phpru| fklsv ydu| iurp shulrg wr shulrg dqg iurp surgxfw wr surgxfw1 LEP orvw lwv hduo| ohdg
lq wkh pdlqiudph frpsxwhu pdunhw wr pdunhw hqwudqwv lq wkh 4<93*v dqg 4<:3*v +vhh Vxwwrq 4<<;/ fk148,/ lq
vslwh ri vwurqj qhwzrun hhfwv1 Wkh dlufudiw lqgxvwu| lv dqrwkhu h{dpsoh iru d whfkqrorj|0lqwhqvlyh lqgxvwu|
fkdudfwhul}hg e| whfkqrorjlfdo ohdsiursslqj ehwzhhq d vpdoo qxpehu ri upv/ uhvxowlqj lq ohdghuvkls uhyhuvdov
dqg vljqlfdqw vkliwv lq pdunhw vkduhv1
4
vwdwh ri wkh up ghshqgv rq sdvw lqyhvwphqwv1 Lqyhvwphqwv fdq uhvxow lq vpdoo lqfuhphqwdo
lpsuryhphqwv uhodwlyh wr wkh hduolhu vwdwh/ ru hovh lq pdmru euhdnwkurxjkv +dv lq vwrfkdvwlf
U)G0lqyhvwphqw udfhv,1 Lq d ohduqlqj0e|0grlqj ru qhwzrun h{whuqdolw| vhwwlqj/ lqyhvwphqw
uhihuv wr d fkrlfh ri rxwsxw wkdw h{fhhgv wkh ohyho wkdw pd{lpl}hv surwv lq d vlqjoh shulrg1
Rxu uvw uhvxow hvwdeolvkhv d jhqhudo vhw ri frqglwlrqv xqghu zklfk zhdn lqfuhdvlqj grp0
lqdqfh hphujhv zkhq upv duh p|rslf1 Zh vkrz wkdw upv zlwk kljkhu vwdwh yduldeohv zloo
lqyhvw pruh zkhq wkh iroorzlqj frqglwlrqv duh phw= +l, lqyhvwphqwv duh vwudwhjlf vxevwlwxwhv/
+ll, surgxfw pdunhw sd|rv duh frqyh{ lq wkh vwdwh yduldeoh/ dqg +lll, dgmxvwphqw frvwv gr
qrw ulvh wrr txlfno| zlwk wkh ohyho ri wkh vwdwh yduldeoh1 Lw vkrxog eh qrwhg wkdw wkh uhvxow
wkdw +l,0+lll, lpso| zhdn lqfuhdvlqj grplqdqfh lv qrw lpphgldwh1 Lq frqwudvw wr jdphv zlwk
vwudwhjlf frpsohphqwdulwlhv +Wrsnlv +4<:<,/ Ylyhv +4<<3,/ dqg Plojurp dqg Urehuwv +4<<3,,/
zkhuh doo fkrlfhv duh pxwxdoo| uhlqiruflqj dqg wkxv frpsdudwlyh vwdwlfv rq htxloleuld fdq eh
hdvlo| rewdlqhg/ pxowl0sod|hu jdphv zlwk vwudwhjlf vxevwlwxwhv srwhqwldoo| kdyh frpshwlqj
hhfwv17 Lqghhg/ pxfk ri wkh h{lvwlqj olwhudwxuh uhvwulfwv dwwhqwlrq wr wzr0sod|hu jdphv
iru mxvw wklv uhdvrq18 Lq wklv sdshu/ zh lpsrvh dq dowhuqdwlyh dvvxpswlrq= wkh upv* surw
ixqfwlrqv pxvw eh h{fkdqjhdeoh1 Wkdw lv/ wkh| pxvw vdwlvi| d fhuwdlq nlqg ri v|pphwu|=
doo glhuhqfhv dprqj upv duh vxppdul}hg e| wkh vwdwh yduldeohv1 Rxu uhvxow uhsuhvhqwv dq
h{whqvlrq ri wkh frpsdudwlyh vwdwlfv olwhudwxuh/ dqg lw pd| dovr eh dssolhg wr rwkhu jdphv
zlwk vwudwhjlf vxevwlwxwhv1 Iru h{dpsoh/ zh vkrz wkdw lw fdq eh xvhg wr frqvlghu txhvwlrqv
derxw vwudwhjlf wudgh srolf|1
Zlwklq wkh fodvv ri lqyhvwphqw jdphv/ zh vkrz wkdw irufhv dulvlqj qdwxudoo| lq pdq|
roljrsro| prghov zrun lq idyru ri frqglwlrqv +l,0+ll,1 Frqvlghu wkh h{dpsoh ri frvw uhgxfwlrq/
dqg frqvlghu ghfrpsrvlqj d up*v surgxfw pdunhw surwv lqwr wkh surgxfw ri d up*v pdunxs
dqg lwv htxloleulxp ghpdqg1 Fohduo|/ wkh kljkhu lv d up*v ghpdqg/ wkh kljkhu duh wkh uhwxuqv
wr orzhulqj frvw1 Lq pdq| prghov/ dq rssrqhqw*v lqyhvwphqw ghfuhdvhv d up*v htxloleulxp
ghpdqg/ dqg d up*v rzq lqyhvwphqw lqfuhdvhv lwv htxloleulxp ghpdqg1 Wkxv/ lw lv shukdsv
7Revhuyh wkdw dq lqfuhdvh lq sod|hu 4*v dfwlrq kdv gluhfw qhjdwlyh hhfwv rq doo rssrqhqwv> exw wkh uhvxowlqj
ghfuhdvh lq sod|hu 5*v dfwlrq pljkw ohdg wr dq hyhq odujhu lqfuhdvh lq sod|hu 6*v dfwlrq1 Wkxv/ wkh hhfw ri dq
lqfuhdvh lq sod|hu 4*v vwdwh yduldeoh kdv dpeljxrxv hhfwv rq sod|hu 61
8Wklv lv wkh dssurdfk wdnhq e| Qryvkhn +4<;8, lq dq dqdo|vlv ri Frxuqrw roljrsro|1 Dplu +4<<9, dqg
Gdylv +4<<<, xvh wkh wrrov ri jdphv zlwk vwudwhjlf frpsohphqwdulwlhv wr dqdo|}h Frxuqrw roljrsro| jdphv
zlwk pruh wkdq wzr upv/ exw pdlqwdlq wkh dvvxpswlrq wkdw hdfk up fduhv rqo| derxw wkh vxp ri rssrqhqw
rxwsxw1
5
qrw vxusulvlqj wkdw d zlgh ydulhw| ri frpprqo|0xvhg prghov vdwlvi| frqglwlrqv +l, dqg +ll,/
lqfoxglqj= Ehuwudqg dqg Frxuqrw frpshwlwlrq zlwk glhuhqwldwhg jrrgv dqg olqhdu ghpdqg>
krul}rqwdo frpshwlwlrq rq wkh olqh ru rq wkh flufoh zlwk txdgudwlf wudqvsruwdwlrq frvwv> dqg
vrph yhuwlfdo txdolw| glhuhqwldwlrq prghov1 Zh dovr vkrz wkdw rxu uhvxowv fdq eh h{whqghg
wr vrph fdvhv zkhuh upv xqghuwdnh pruh wkdq rqh w|sh ri lqyhvwphqw dw wkh vdph wlph/
vxfk dv txdolw|0lpsurylqj dqg frvw0uhgxflqj lqyhvwphqwv19
Krzhyhu/ zh kdyh douhdg| qrwhg wkdw hyhq lq lqqrydwlyh lqgxvwulhv/ pdunhw g|qdplfv gr
qrw dozd|v iroorz sdwwhuqv ri lqfuhdvlqj grplqdqfh1 Zkdw vhuyhv wr plwljdwh wkh irufhv lq
idyru ri grplqdqfhB Zh rqo| eulh | glvfxvv wkh srwhqwldo iru frpshwlqj hhfwv wkdw dulvh gxh
wr surgxfw pdunhw frpshwlwlrq/ lqvwhdg irfxvlqj rq wkh surshuwlhv ri wkh whfkqrorj| zlwk
zklfk vwdwh yduldeohv fdq eh dgmxvwhg xszdugv +hhfw +lll,,1 Wzr srodu h{dpsohv vhuyh wr
kljkoljkw wkh vfhqdulrv xqghu zklfk dgmxvwphqw frvwv gr ru gr qrw frpshwh zlwk lqfuhdvlqj
grplqdqfh hhfwv1 Iluvw/ frqvlghu d vw|ol}hg lqfuhphqwdo lqyhvwphqw prgho/ zkhuh wkh frvw
ri dfklhylqj d jlyhq lqfuhphqw wr wkh vwdwh yduldeoh lv wkh vdph iru doo upv/ dqg lqghshqghqw
ri wkh vwdwh yduldeohv1 Frqwudvw wklv zlwk d vhfrqg h{dpsoh/ zkhuh lqqrydwlrq wdnhv sodfh lq
d pdqqhu wkdw lv forvhu wr zkdw kdv ehhq prghohg lq wkh olwhudwxuh rq sdwhqw udfhv=: upv
frpshwh iru wkh qh{w whfkqrorjlfdo lqqrydwlrq/ dqg hdfk up uhtxluhv d vlplodu lqyhvwphqw
wr dfklhyh d jlyhq ohyho ri wkh vwdwh yduldeoh +ru d jlyhq suredelolw| ri dfklhylqj wkdw ohyho
ri wkh vwdwh yduldeoh, lq wkh qh{w shulrg1 Lq vxfk prghov/ wkh pdjqlwxgh ri lpsuryhphqw
shu xqlw ri lqyhvwphqw lv odujhu iru odjjdugv wkdq iru ohdghuv/ dqg vr ohdghuv pd| lqyhvw ohvv
wkdq odjjdugv1 Krzhyhu/ wkh odwwhu hhfw pxvw eh odujh wr ryhufrph irufhv +l, dqg +ll, iurp
deryh1;
Lq d vhfrqg vhw ri uhvxowv/ zh uhod{ wkh dvvxpswlrq wkdw upv duh p|rslf/ dqg frqvlghu krz
frqfhuq iru wkh ixwxuh dhfwv rxu uhvxowv derxw grplqdqfh1 Zh qg wkdw zkhq wkh hyroxwlrq
ri wkh vwdwh yduldeoh lv ghwhuplqlvwlf dqg upv frpplw wr dq lqyhvwphqw sodq lq dgydqfh/
g|qdplfv uhlqirufh wkh uhvxowv iurp wkh p|rslf0upprgho1< Krzhyhu/ zkhq zh doorz upv wr
9Fdeudo +4<<<, sursrvhv dq dowhuqdwlyh wkhru| ri lqfuhdvlqj grplqdqfh wkdw grhv qrw uho| rq wkh vfdoh
hhfwv ghvfulehg deryh1 Kh lghqwlhv d glhuhqw irufh= ohdghuv kdyh dq lqfhqwlyh wr xqghuwdnh U)G lqyhvwphqw
zlwk uhwxuqv wkdw duh fruuhodwhg zlwk wkh odjjdugv/ zkloh odjjdugv ghvluh dq rssruwxqlw| wr ohdsiurj/ zklfk
fdq eh dffrpsolvkhg xvlqj lqghshqghqw lqyhvwphqwv1
:Vhh Uhlqjdqxp 4<;8/ Ylfnhuv 4<;9/ Ehdwk hw do1 4<;:/ dv zhoo dv wkh hduolhu sdwhqw udfh sdshuv e| Orxu|
+4<:<, dqg Ohh dqg Zlogh +4<;3,1
;Lqghhg/ wkh olwhudwxuh kljkoljkwv wkh idfw wkdw wkh uhvxowv duh vhqvlwlyh wr wkh vshflfdwlrq ri wkh prgho1
<Wklv kljkoljkwv dq dgydqwdjh wr rxu odwwlfh0wkhruhwlf dssurdfk= wkh wkhruhp dssolhv zlwkrxw prglfdwlrq
6
frqglwlrq hdfk shulrg*v lqyhvwphqw rq wkh fxuuhqw ohyho ri wkh vwdwh yduldeoh/ wkhq d ydulhw| ri
frpshwlqj hhfwv fdq dulvh1 Wkxv/ zh vkrz wkdw rxu uhvxowv derxw lqfuhdvlqj grplqdqfh duh
prvw urexvw lq vfhqdulrv zkhuh upv duh idluo| vkruw0vljkwhg/ ru zkhuh lqyhvwphqw vwudwhjlhv
uhtxluh dgydqfh sodqqlqj dqg duh gl!fxow wr prgli| rqfh lq sodfh143
Ilqdoo|/ zh vkrz wkdw rxu iudphzrun fdq eh xvhg wr rujdql}h dqg h{whqg wkh uhvxowv
ri vshflf prghov iurp wkh h{lvwlqj olwhudwxuh/ lqfoxglqj lqfuhphqwdo lqyhvwphqw jdphv/
ohduqlqj0e|0grlqj prghov/ dqg sdwhqw udfhv144 Wkxv/ rxu prgho surylghv d ohqv wkurxjk
zklfk wr dqdo|}h wkh h{whqw wr zklfk lqfuhdvlqj grplqdqfh vkrxog eh h{shfwhg lq d sduwlf0
xodu lqgxvwu|1
Zh surfhhg dv iroorzv1 Lq Vhfwlrq 5/ zh lqwurgxfh wkh prgho1 Vhfwlrq 6 frqwdlqv wkh
pdlq uhvxowv iru wklv prgho1 Lq Vhfwlrq 7/ zh suhvhqw h{dpsohv ri wkh jhqhudo iudphzrun
dqg dssolfdwlrqv ri wkh uhvxowv iurp Vhfwlrq 61 Vhfwlrq 8 h{dplqhv srolf| lpsolfdwlrqv dqg
frqfoxvlrqv1
5 Wkh Prgho
Wklv vhfwlrq vshflhv d prgho ri g|qdplf roljrsro| wkdw lv jhqhudo hqrxjk wr lqfrusrudwh
lqfuhphqwdo lqyhvwphqw udfhv/ sdwhqw udfhv/ ohduqlqj0e|0grlqj dqg qhwzrun prghov dv vshfldo
fdvhv1 Rxu lqwhusuhwdwlrqv zloo ydu| dfurvv prghov> Vhfwlrq 7 pdnhv wkh lqwhusuhwdwlrqv pruh
suhflvh lq wkh frqwh{w ri wkh vshflf dssolfdwlrqv1
zkhq wkh fkrlfh vhw iru hdfk sod|hu lv dq lqqlwh vhulhv udwkhu wkdq d uhdo qxpehu1
43Lq lwv irfxv rq xqghuvwdqglqj jhqhudo surshuwlhv lq d g|qdplf frqwh{w/ rxu sdshu lv vlplodu wr Exgg hw do1
+4<<6, zkr dovr dsso| d uhodwlyho| devwudfw iudphzrun wr lghqwli| idfwruv idyrulqj dqg suhyhqwlqj lqfuhdvlqj
grplqdqfh1 Wkhlu sdshu frqvlghuv d frqwlqxrxv0wlph jdph ehwzhhq wzr upv zkr pdnh lqyhvwphqwv lq
fkdqjlqj wkh vwdwh yduldeoh/ dqg hdfk up*v surwv ghshqgv rq wkh vwdwh yduldeoh1 Wkh| olqn wkh vorsh ri wkh
surw ixqfwlrqv wr lqyhvwphqwv/ exw wkh| gr qrw dwwhpsw wr jlyh frqglwlrqv rq roljrsro| prghov wkdw ohdg wr
lqfuhdvlqj grplqdqfh1
44Frqvlghu vrph h{dpsohv iurp wkh h{lvwlqj olwhudwxuh1 Iodkhuw|*v +4<;3, lqfuhphqwdo lqyhvwphqw prgho
doorzv iru frvw0uhgxflqj lqyhvwphqw ehwzhhq wzr urxqgv ri Frxuqrw frpshwlwlrq zlwk krprjhqrxv jrrgv1
Grplqdqfh hphujhv1 D vlplodu hhfw lv suhvhqw lq wkh surgxfw olih f|foh prgho ri Nohsshu +4<<9,/ dowkrxjk
wkh vfdoh hhfw lv grplqdwhg e| rwkhuv lq vrph vwdjhv ri wkh olih f|foh1 Lq Edjzhoo hw do1 +4<<:,/ fxvwrphuv
ohduq uhwdlo sulfhv vorzo| dqg/ e| xvlqj orz sulfhv wrgd|/ upv vljqdo wkdw wkh| kdyh orz frvwv dqg zloo dovr
kdyh orz sulfhv lq wkh ixwxuh1 Wklv lv fuhgleoh li orz0frvw upv h{shfw kljk ixwxuh ghpdqg/ zklfk lv wkh vfdoh
hhfw ghvfulehg hduolhu1 Fdeudo dqg Ulrugdq +4<<7, h{dplqh d gxrsro| prgho zlwk udqgrp surgxfw vdohv/
zkhuh d oxfn| up wkdw pdqdjhv wr vhoo d orw lq hduo| vwdjhv surfhhgv dorqj lwv ohduqlqj fxuyh pruh udslgo|/
doorzlqj lw wr vhw sulfhv orzhu wkdq wkh frpshwlwru/ wkhuhe| lqfuhdvlqj wkh fkdqfhv ri ixwxuh vdohv dqg wkxv
wkh fkdqfhv ri ixwxuh ohduqlqj1
7
Wkhuh duh A shulrgv/ | ’ c c A EA  4c dqg U upv/  ’ c c U1 Lq hdfk shulrg
|/ up  lv fkdudfwhul}hg e| d vwdwh yduldeoh t | 5 \c zkhuh \ lv d sduwldoo| rughuhg vhw/
w|slfdoo| U/ wkrxjk lq d ihz dssolfdwlrqv zh zloo kdyh \ ’ U
?1 Wkurxjkrxw wkh sdshu/ zh
zloo rughu yhfwruv xvlqj wkh vwdqgdug/ frpsrqhqwzlvh rughu= iru  c  5 U?c     li %  %


iru  ’ c c ? Vlqfh wkh jrdo ri wklv sdshu lv wr dqdo|}h wkh g|qdplfv ri pdunhw vkduh/ zh
dvvxph wkdw t |  t
|
 lpsolhv wkdw up  kdv juhdwhu pdunhw vkduh wkdq up  Dv vxfk/ wkh
vwdwh yduldeoh pljkw uhsuhvhqw wkh h{whqw ri suhylrxv frvw uhgxfwlrqv iurp vrph lqlwldo ohyho>
d ghpdqg0hqkdqflqj sdudphwhu/ vxfk dv surgxfw txdolw| ru d fxpxodwhg dgyhuwlvlqj ohyho/
ru wkh qxpehu ri surgxfw yduldqwv rhuhg e| d up> ru/ d frpelqdwlrq ri ghpdqg dqg frvw
sdudphwhuv1
Ohw v| ’ Et |

c c t |U  5 \ ’ \1 Wkh lqlwldo vwdwh ri wkh pdunhw/ v
f ’ Et f

c c t fU / lv
h{rjhqrxvo| jlyhq1 Jlyhq t |3c hdfk up fkrrvhv dq dfwlrq yduldeoh @| 5 D/ zklfk lq xhqfhv
wkh lqfuhphqw +| lq wkh vwdwh yduldeoh1 Zh zloo uhihu wr wklv fkrlfh dv dq lqyhvwphqw1 Ohw
@| ’ E@|

c c @|U 5 D ’ D Wkh vwdwh yhfwru ri up  ghyhorsv dffruglqj wr





Lq wkh vlpsohvw dssolfdwlrqv/ +| ’ @
|
 Krzhyhu/ wr lqfrusrudwh vwrfkdvwlf lqyhvwphqw uh0
wxuqv/ zh doorz )| ’ E+|

c c +|U wr eh wkh uhdol}dwlrq ri d udqgrp yduldeoh zlwk glvwulexwlrq
ME)|m@|cv|3145 Lq wklv fdvh/ lqyhvwphqw pd| lpsuryh wkh glvwulexwlrq ri wkh fkdqjh lq wkh
vwdwh yduldeoh/ dv zkhq @| uhsuhvhqwv dq U)G0hruw1
Qrz frqvlghu uhsuhvhqwlqj wkh surwv iurp surgxfw pdunhw frpshwlwlrq1 Zh zlvk wr
kdqgoh wzr glvwlqfw fdvhv lq d xqlhg qrwdwlrq1 Lq wkh uvw fdvh/ @| lv wkh yhfwru ri up fkrlfhv
lq surgxfw pdunhw frpshwlwlrq1 Iru h{dpsoh/ lw uhsuhvhqwv rxwsxw fkrlfh lq d ohduqlqj0e|0
grlqj jdph1 Wkhq/ zh ohw ZE@|c)|cv|3 ghqrwh surgxfw pdunhw surw iru up 1
Lq wkh vhfrqg fdvh/ lqyhvwphqwv suhfhgh surgxfw pdunhw frpshwlwlrq1 Iru h{dpsoh/ @|
pljkw uhsuhvhqw wkh yhfwru ri frvw0uhgxflqj lqyhvwphqwv1 Lq wklv fdvh/ surgxfw pdunhw surwv
ghshqg rqo| rq wkh vwdwh yduldeohv/ dqg zh gr qrw irupdoo| prgho wkh surgxfw pdunhw
frpshwlwlrq1 Lqvwhdg/ zh ohw ZE@|c)|cv|3 uhsuhvhqw wkh uhgxfhg0irup surw wr up 
uhvxowlqj iurp d surgxfw pdunhw htxloleulxp1 Vlqfh lq wklv fdvh/ lqyhvwphqwv dhfw surgxfw
45Lq pdq| h{dpsohv/ vxfk dv lqfuhphqwdo lqyhvwphqw jdphv/ wkh glvwulexwlrq ri |wl lq shulrg w ghshqgv rqo|
rq \ w4l dqg d
w
l/ qrw rq wkh rwkhu upv* vwdwh yduldeohv dqg lqyhvwphqwv1 Lq frqwudvw/ lq sdwhqw udfh prghov/
lqyhvwphqwv kdyh h{whuqdolwlhv dfurvv upv1
8
pdunhw frpshwlwlrq rqo| wkurxjk wkh hyroxwlrq ri wkh vwdwh yduldeoh/ iru hdfk  wkhuh pxvw
h{lvw d ixqfwlrq 	ZEv vxfk wkdw
ZE@|c)|cv|3 ’ 	ZEv|3 n )| +5,
Zh uhihu wr wkh ixqfwlrq Z zkhq ghulylqj jhqhudo uhvxowv derxw rxu prgho/ dqg zh dqdo|}h
wkh fdvh zkhuh +5, krogv lq juhdwhu ghswk lq Vhfwlrq 616 dqg lq wkh frqwh{w ri dssolfdwlrqv1




Zh ixuwkhu doorz iru dq lqyhvwphqw frvw ixqfwlrq/ ghqrwhg &E@|c t
|3




  lv qrq0ghfuhdvlqj lq @
|
 +6,
Wkxv/ wkh h{shfwhg sd|r wr up  lq shulrg | lv zulwwhq
E@|cv|3 ’ .ZE@|cv|3 &E@|c t
|3
  +7,
Wr nhhs wkh h{srvlwlrq frqflvh/ zh dvvxph wkdw doo ri wkh uhohydqw ixqfwlrqv duh glhu0
hqwldeoh/ wkrxjk rxu pdlq uhvxowv gr qrw uho| rq wkdw dvvxpswlrq1 Wkurxjkrxw wkh sdshu/









.ZE@cvc dqg olnhzlvh iru wkh
rwkhu yduldeohv1
Zh zloo dvvxph wkurxjkrxw wkh sdshu wkdw dq htxloleulxp h{lvwv146 Ixuwkhu/ zh pdlqwdlq
wkh dvvxpswlrq wkdw wkh htxloleulxp lv frqglwlrqdoo| xqltxh/ wkdw lv/ wkh iroorzlqj frqglwlrq
lv vdwlvhg= iru hdfk c  dqg hdfk vc li t 9’ t dqg wkhuh h{lvw wzr htxloleuld/ @
WEvc @WEv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Ev1 Lq zrugv/ frqglwlrqdo
rq upv & 9’ c  sod|lqj htxloleulxp dfwlrqv @W3Et c li upv  dqg  kdyh glhuhqw vwdwh
yduldeohv/ wkhuh lv d xqltxh htxloleulxp1 Iru wkh fdvh zkhuh Z uhsuhvhqwv d uhgxfhg0irup
46Wklv dvvxpswlrq pljkw eh uhvwulfwlyh lq vrph fdvhv1 Wkh olwhudwxuh rq h{lvwhqfh ri htxloleulxp lq Frxuqrw
txdqwlw| jdphv pljkw eh lqvwuxfwlyh khuh +Qryvkhn +4<;8,/ Dplu +4<<9,/ Gdylv +4<<<,,/ dv wklv zrun frqfhuqv
jdphv zlwk vwudwhjlf vxevwlwxwhv> exw/ hdfk ri wkhvh sdshuv frqvlghuv prghov zkhuh upv fduh rqo| derxw wkh
vxp ri rssrqhqw rxwsxwv1
9
surw ixqfwlrq iurp frpshwlwlrq lq wkh surgxfw pdunhw/ zh lpsrvh wkh frqglwlrqdo xqltxhqhvv
dvvxpswlrq rq wkh surgxfw pdunhw htxloleulxp dv zhoo1
Wkh dvvxpswlrq ri frqglwlrqdo xqltxhqhvv sod|v dq lpsruwdqw uroh/ dv zh zloo glvfxvv
ixuwkhu ehorz1 Revhuyh wkdw wklv dvvxpswlrq lv frqvlghudeo| zhdnhu wkdq dq dvvxpswlrq
wkdw wkhuh lv d xqltxh htxloleulxp ri wkh U0sod|hu jdph1 Xvlqj idploldu dujxphqwv +vhh/ iru
h{dpsoh/ Wluroh 4<;;/ vhfwlrq 81:1415,/ li hdfk up*v remhfwlyh ixqfwlrq lv joredoo| frqfdyh/
d vx!flhqw frqglwlrq iru frqglwlrqdo xqltxhqhvv lv wkdw
@c@ : @c@  iru c  ’ c c Uc
 9’ 1 Lq frqwudvw/ wr jxdudqwhh xqltxhqhvv lq wkh U0sod|hu jdph/ zh pxvw yhuli| wkdw iru doo
c
@c@ :S' @c@  
Lq rughu wr lqwurgxfh rxu qdo dvvxpswlrq/ zh ghqh d pds A& G U
? $ U?c wkdw wudqv0
srvhv wzr hohphqwv ri d yhfwru1 Irupdoo|/ li  ’ A&E c wkhq % ’ %&c %& ’ %c dqg iru doo
 9’ c &c % ’ %1 Wkhq zh kdyh=
Ghqlwlrq 4 Frqvlghu d vhw ri L ixqfwlrqv/ s  G f $ U iru l@4/11/L1 Wkh ixqfwlrqv
duh h{fkdqjhdeoh li iru doo c c & 5 ic c Uj vxfk wkdw  9’  9’ & 9’ / wkh iroorzlqj wzr
frqglwlrqv krog= s E  ’ s EAE ( s
E  ’ s EA&E 
Xvlqj wklv ghqlwlrq/ zh fdq vwdwh wkh dvvxpswlrq=
Wkh upv* surw ixqfwlrqv duh h{fkdqjhdeoh1 +H[FK,
Wklv dvvxpswlrq zloo eh pdlqwdlqhg wkurxjkrxw wkh sdshu1 H{fkdqjhdelolw| uhtxluhv d nlqg
ri v|pphwu| lq wkh lghqwlwlhv ri upv= hdfk up  fduhv rqo| derxw wkh dfwlrqv dqg vwdwh
yduldeohv ri lwv rssrqhqwv/ exw qrw derxw wkh pdwfk ehwzhhq dq rssrqhqw*v lghqwlw| dqg
dfwlrqv2vwdwh yduldeohv1 Lw lpsolhv wkdw up *v surwv duh wkh vdph dv up *v surwv zrxog
eh li up  zdv lq up *v vlwxdwlrq1 Lw ixuwkhu lpsolhv wkdw up *v surwv duh xqfkdqjhg li wkh
dfwlrqv dqg vwdwh yduldeohv ri wzr rssrqhqwv duh h{fkdqjhg1 Lqwxlwlyho|/ zkhq h{fkdqjhdelolw|
krogv doo glhuhqfhv dprqj upv duh vxppdul}hg lq wkh vwdwh yduldeohv1
Zh zloo surylgh h{solflw h{dpsohv wkdw w lqwr wklv iudphzrun lq Vhfwlrq 7> lq jhqhudo/
krzhyhu/ wkh dvvxpswlrq lv frqvlvwhqw zlwk prghov ri Frxuqrw roljrsro|/ yhuwlfdo surgxfw
glhuhqwldwlrq/ dqg glhuhqwldwhg surgxfw prghov zkhuh wkh furvv0sulfh hhfwv duh lghqwlfdo
iru doo upv1 Zkdw lv uxohg rxw e| wklv dvvxpswlrqB Frqvlghu d vlpsoh h{dpsoh1 Ilupv
duh krul}rqwdoo| glhuhqwldwhg rq d Krwhoolqj olqh/ dqg hdfk up fdq lqyhvw wr ghfuhdvh lwv
:
pdujlqdo frvw1 Wkhq/ up *v surw zloo ghshqg rq zkhwkhu d qhdu qhljkeru ru d glvwdqw up
orzhuv lwv pdujlqdo frvw1 Khqfh/ iru U : 2 upv/ h{fkdqjhdelolw| zloo qrw krog lq d Krwhoolqj
iudphzrun1 Iru U ’ 2 upv/ h{fkdqjhdelolw| zloo rqo| krog zkhq upv duh uhvwulfwhg wr
orfdwh v|pphwulfdoo| durxqg wkh plgsrlqw ri wkh lqwhuydo147
H{fkdqjhdelolw| fdq dovr eh xqghuvwrrg lq uhodwlrq wr wkh frqfhsw ri dqrq|plw|/ dv xvhg
lq frrshudwlyh jdph wkhru| dqg vrfldo fkrlfh wkhru|1 Wklv olwhudwxuh frqvlghuv doorfdwlrqv
dprqj d jurxs ri djhqwv1 D zhoiduh ixqfwlrq E  lv dqrq|prxv li dq doorfdwlrq  |lhogv
wkh vdph zhoiduh dv A&E ( dqg d vrfldo fkrlfh ixqfwlrq +pdsslqj djhqw vwdwh yduldeohv/ ru
suhihuhqfhv/ wr doorfdwlrqv, lv dqrq|prxv li shupxwlqj wkh vwdwh yduldeohv ri wzr djhqwv ohdgv
wr d shupxwdwlrq ri wkh doorfdwlrqv +vhh/ iru h{dpsoh/ Prxolq +4<;;,,1 Qrz frqvlghu vwdwlqj
wkh h{fkdqjhdelolw| dvvxpswlrq lq wklv frqwh{w1 Wkh uvw uhtxluhphqw ri h{fkdqjhdelolw| lv
wkdw lq whupv ri up *v surwv/ rssrvlqj upv  9’  duh dqrq|prxv> wkh vhfrqg uhtxluhphqw
lv wkdw wkh yhfwru ri surw ixqfwlrqv/ zklfk fdq eh ylhzhg dv d vlqjoh vrfldo zhoiduh ixqfwlrq
pdsslqj vwdwh yduldeohv dqg dfwlrqv wr doorfdwlrqv ri xwlolw|/ lv dqrq|prxv1
6 Grplqdqfh uhvxowv
Lq wklv vhfwlrq/ zh vwxg| frqglwlrqv xqghu zklfk upv zlwk kljkhu vwdwh yduldeohv pdnh kljkhu
lqyhvwphqwv lq htxloleulxp1 Lq vxfk fdvhv/ zh vshdn ri zhdn lqfuhdvlqj grplqdqfh1 Zh ehjlq
e| lqwurgxflqj dq devwudfw wkhruhp wkdw dssolhv wr jdphv zlwk vwudwhjlf vxevwlwxwhv1 Zh wkhq
dsso| wkh wkhruhp wr rxu prgho xqghu wkh dvvxpswlrq wkdw upv duh p|rslf1 Iru wkh fdvh
zkhuh lqyhvwphqwv wdnh sodfh sulru wr surgxfw pdunhw frpshwlwlrq/ zh ixuwkhu h{soruh wkh
frqglwlrqv rq wkh roljrsro| prgho wkdw ohdg wr erwk zhdn dqg vwurqj lqfuhdvlqj grplqdqfh/
vr wkdw ohdglqj upv lqfuhdvh wkhlu pdunhw vkduh ryhu wlph1 Ilqdoo|/ zh frqvlghu wkh fdvh
zkhuh upv duh idu0vljkwhg1
47Ri frxuvh/ zh frxog frqvlghu hdfk up*v krul}rqwdo orfdwlrq dv d vwdwh yduldeoh/ exw wklv dssurdfk zloo
qrw eh xvhixo iru rxu sxusrvhv1
;
614 Udqnlqj Htxloleulxp Dfwlrqv lq Jdphv zlwk Vwudwhjlf Vxe0
vwlwxwhv
Dv zh zloo vhh lq pruh ghwdlo ehorz/ pdq| roljrsrolvwlf lqyhvwphqw jdphv duh jdphv zlwk
vwudwhjlf vxevwlwxwhv/ lq wkh vhqvh wkdw up *v lqfhqwlyh wr lqyhvw lv ghfuhdvlqj lq wkh ohyho ri
up *v lqyhvwphqw1 Lq wklv vhfwlrq/ zh lqwurgxfh d qhz frpsdudwlyh vwdwlfv uhvxow iru jdphv
zlwk vwudwhjlf vxevwlwxwhv1 Wr gr vr/ zh lqwurgxfh d voljkwo| pruh devwudfw qrwdwlrq1
Frqvlghu d jdph ehwzhhq U sod|huv1 Ghqrwh sod|hu *v vwudwhj| vsdfh e| [c zlwk w|slfdo
hohphqw % Ohw [ ’ [ iru doo c  Dvvxph wkdw [ lv d surgxfw vhw lq U
 /   4 +zh
doorz wklv jhqhudolw| vr wkdw zh fdq dqdo|}h g|qdplf jdphv dv zhoo dv vwdwlf rqhv,c48 dqg ohw
[ ’ [ Iru hdfk sod|hu/ wkhuh lv dq h{rjhqrxv vwdwh yduldeoh/ w 5 Xc zkhuh X lv d
surgxfw vhw lq U6/ dqg  ’ Ewc c wU dqg X ’ X1 Ohw wkh sod|huv* xwlolw| ixqfwlrqv eh
jlyhq e|  G [ X$ U1
Zh zloo w|slfdoo| dvvxph wkdw wkh xwlolw| ixqfwlrqv duh h{fkdqjhdeoh +dv ixqfwlrqv ri
E c,1 Ixuwkhu/ zh uhtxluh wkdw=
Iru hdfk / wkhuh h{lvwv d frqglwlrqdoo| xqltxh htxloleulxpc +XQT,
zkhuh wkh whup frqglwlrqdoo| xqltxh zdv ghqhg lq Vhfwlrq 51
Ehiruh surfhhglqj/ zh lqwurgxfh dq lpsruwdqw ghqlwlrq +Wrsnlv/ 4<:;,1
Ghqlwlrq 5 Ohw [ c\ eh sduwldoo| rughuhg vhwv1 D ixqfwlrq s G [  \ $ U vdwlvhv
lqfuhdvlqj glhuhqfhv lq E%( + li iru doo %M : %uc +M : +uc
sE%M c +M sE%uc +M  sE%M c +u sE%uc +u
Li \ ’ \ lv d surgxfw vhw/ iG \ $ U lv vxshuprgxodu lq ) li lw vdwlvhv lqfuhdvlqj
glhuhqfhv lq E+( + iru doo  9’ 
Li s G U2 $ U lv vprrwk/ lw kdv lqfuhdvlqj glhuhqfhv li dqg rqo| li s%+  f
Wr ehjlq/ zh vwdwh d frqglwlrq wkdw dssolhv zkhq wkh sod|huv kdyh pxowl0glphqvlrqdo
fkrlfh vhwv +vxfk dv zkhq wkh| sod| d g|qdplf jdph dqg fkrrvh d vhulhv ri lqyhvwphqwv,= iru
48Hyhu|wklqj zh gr lq wklv vhfwlrq fdq eh uhskudvhg iru wkh fdvh zkhuh [l lv dq duelwudu| odwwlfh/ exw wkh
dgghg jhqhudolw| lv qrw uhtxluhg iru wklv sdshu1
<
doo  dqg doo  3c
E%c 3( lv vxshuprgxodu lq % +RVSP,
Frqglwlrq +RVSP, uhtxluhv wkdw hdfk sod|hu*v sd|rv duh vxshuprgxodu lq khu rzq fkrlfh
yhfwru1 Li wkh fkrlfh vhw lv pxowlglphqvlrqdo/ wklv dvvxpswlrq uhtxluhv wkdw hdfk frpsrqhqw ri
wkh sod|hu*v fkrlfh yhfwru lv frpsohphqwdu| zlwk wkh rwkhu frpsrqhqwv ri wkh fkrlfh yhfwru1
Jdphv zlwk vwudwhjlf vxevwlwxwhv fdq eh xvhixoo| frqwudvwhg djdlqvw jdphv zlwk vwudwhjlf
frpsohphqwdulwlhv149 Jdphv zlwk vwudwhjlf frpsohphqwdulwlhv duh ghqhg e| wkh uhtxluhphqw
wkdw hdfk  vdwlvhv lqfuhdvlqj glhuhqfhv lq E%(% iru doo  9’ 1 Wkh iroorzlqj uhvxow lv
gxh wr Wrsnlv +4<:<,1
Ohppd 6 Vxssrvh wkdw= +l, +RVSP, krogv> +ll, wkh sod|huv* dfwlrqv duh vwudwhjlf frpsoh0
phqwv/ dqg +lll,  kdv lqfuhdvlqj glhuhqfhv lq E%( w iru doo  Iru hdfk c ohw  
WE eh wkh
kljkhvw htxloleulxp1 Wkhq/ M : u lpsolhv  WEM   WEu1
Wkh lqwxlwlrq ehklqg wklv frpsdudwlyh vwdwlfv uhvxow lv idluo| vwudljkwiruzdug1 Frqvlghu
lqfuhdvlqj wc dqg vxssrvh wklv fkdqjh gluhfwo| dhfwv rqo| up c e| lqfuhdvlqj khu lqfuh0
phqwdo uhwxuqv wr lqyhvwlqj lq wkh vhqvh ghqhg e| Ohppd 61 Li rssrqhqwv* dfwlrqv zhuh
khog {hg/ up  zrxog zdqw wr lqfuhdvh khu dfwlrq1 Krzhyhu/ vxfk d fkdqjh zrxog ohdg doo
rssrqhqwv wr ghvluh lqfuhdvhv lq wkhlu dfwlrqv1 Vlqfh vxfk lqfuhdvhv duh pxwxdoo| uhlqiruflqj
lq jdphv ri vwudwhjlf frpsohphqwdulw|/ wkh htxloleulxp dfwlrq yhfwru pxvw jr xs1
Qrz frqvlghu d jdph zlwk vwudwhjlf vxevwlwxwhv/ ghqhg e| wkh uhtxluhphqw wkdw hdfk 
vdwlvhv lqfuhdvlqj glhuhqfhv lq E%(% iru  9’ ( wkdw lv/ dq| lqfuhdvh lq dq| rssrqhqw*v
dfwlrq ghfuhdvhv wkh lqfuhphqwdo uhwxuq wr d sod|hu*v rzq dfwlrq=  kdv lqfuhdvlqj glhu0
hqfhv lq E%(%31 Iru vxfk jdphv/ zh frqvlghu sdudphwhuv w vxfk wkdw 
 kdv lqfuhdvlqj
glhuhqfhv lq E%( wc dv ehiruh/ exw qrz zh vxssrvh wkdw lqfuhdvhv lq dq| rssrqhqw*v vwdwh
yduldeoh ghfuhdvh wkh lqfuhphqwdo uhwxuq wr dfwlqj/ wkdw lv/  kdv lqfuhdvlqj glhuhqfhv lq
E%(w3 iru doo  9’  Wkhq/ zh kdyh=
Wkhruhp 7 Vxssrvh wkhuh duh rqo| wzr sod|huv/ wkdw +XQT, krogv/ dqg wkdw wkh sd|r
ixqfwlrqv duh h{fkdqjhdeoh1 Vxssrvh wkdw= +l, +RVSP, krogv> +ll, wkh sod|huv* dfwlrqv duh
49Vhh Exorz/ Jhdqdnrsorv/ dqg Nohpshuhu +4<;8, dqg Ixghqehuj dqg Wluroh +4<;7, iru pruh glvfxvvlrq ri
wklv glvwlqfwlrq lq roljrsro| jdphv1
43
vwudwhjlf vxevwlwxwhv/ dqg +lll,  kdv lqfuhdvlqj glhuhqfhv lq E%( w dqg E%(w iru  9’ 
Wkhq w : w lpsolhv wkdw %
W
 Ew  %
W
Ew1
Surri1 Ghqh % ’ %/ %2 ’ %2c w ’ wc w2 ’ w2c dqg ohw 
E%c w ’ E%c%2( wcw2
iru  ’ c 2 Wkhq wkh prglhg jdph vdwlvhv wkh frqglwlrqv ri Ohppd 61 Iru d jlyhq/
c ohw  WE eh wkh htxloleulxp ri wklv jdph1 Qrz/ zh frpsduh wzr dowhuqdwlyh sdudp0
hwhu yhfwruv1 Lq wkh uvw yhfwru/ w ’ wM : wu ’ w21 Lq wkh vhfrqg yhfwru/ w ’ wu>
w2 ’ wM 1 Khqfh/ iru wkh uvw yhfwru/ Ewc w2 ’ EwM cwu/ zkhuhdv iru wkh vhfrqg yhfwru/
Ewc w2 ’ EwucwM1 Dv EwM cwu  EwucwM/ dqg vlqfh +XQT, lpsolhv wkdw wkh htxlole0
ulxp iru hdfk sdudphwhu yhfwru lv xqltxh/ Ohppd 6 lpsolhv wkdw %W







EwM c wu  %
W

Ewuc wM1 E| h{fkdqjhdelolw| %
W
2
EwM c wu ’ %
W

Ewuc wM dqg khqfh
wkh uhvxow iroorzv1
Wkh surri surfhhgv e| revhuylqj wkdw/ e| uh0rughulqj wkh dfwlrq vhw dqg vwdwh yduldeoh
iru rqh sod|hu/ lw lv srvvleoh wr frqyhuw wkh wzr0sod|hu jdph zlwk vwudwhjlf vxevwlwxwhv wr
d jdph zlwk vwudwhjlf frpsohphqwdulwlhv14: Wkhq/ wkh frpsdudwlyh vwdwlfv uhvxow iru jdphv
zlwk vwudwhjlf frpsohphqwdulwlhv/ Ohppd 6/ fdq eh xvhg wr frpsduh wkh htxloleulxp fkrlfhv
xqghu wzr vfhqdulrv= rqh zkhuh wkh uvw sod|hu*v vwdwh yduldeoh lv kljkhu wkdq wkh vhfrqg
sod|hu*v/ dqg rqh zkhuh wkh urohv ri wkh sod|huv duh uhyhuvhg1 Ohppd 6 lpsolhv wkdw ghfuhdvlqj
wkh uvw sod|hu*v vwdwh yduldeoh dqg lqfuhdvlqj wkh vhfrqg up*v vwdwh yduldeoh ghfuhdvhv wkh
htxloleulxp fkrlfh iru up rqh/ dqg lqfuhdvhv wkh htxloleulxp fkrlfh iru up wzr1 Ilqdoo|/
zh h{sorlw h{fkdqjhdelolw|= wkh htxloleulxp lq wkh vhfrqg fdvh lv phuho| wkh htxloleulxp ri
wkh uvw fdvh/ zlwk wkh urohv ri wkh sod|huv uhyhuvhg1 Vlqfh uhyhuvlqj wkh vwdwh yduldeohv ri wkh
sod|huv ohdgv wr dq htxloleulxp zlwk d orzhu fkrlfh iru sod|hu 4 dqg d kljkhu fkrlfh iru sod|hu
5/ zh frqfoxgh wkdw wkh sod|hu zlwk wkh kljkhu vwdwh yduldeoh fkrrvhv d kljkhu dfwlrq14;
Qrz frqvlghu h{whqglqj wklv uhvxow wr pruh wkdq wzr sod|huv1 Khuh/ zh uxq lqwr d gl!fxow|1
Lq d jdph zlwk pdq| sod|huv/ hyhq li wkh frqglwlrqv ri Wkhruhp 7 krog/ dq lqfuhdvh lq w
grhv qrw qhfhvvdulo| ohdg wr dq lqfuhdvh lq % dqg d ghfuhdvh lq wkh fkrlfhv ri doo rssrqhqwv1
4:Ylyhv +4<<3, dqg Dplu +4<<7, xvh d vlplodu dssurdfk wr dqdo|}h Frxuqrw roljrsro| xvlqj wkh wrrov ri
vxshuprgxodu jdphv1
4;Wr vhh wkh uroh ri wkh frqglwlrq +XQT,/ vxssrvh wkdw dfwlrqv duh fkrvhq iurp i3> 4j1 Li +XQT, idlov/
erwk +3/4, dqg +4/3, fdq eh htxloleuld iru d jlyhq vhw ri sdudphwhuv1 Lq idfw/ erwk pljkw eh htxloleuld iru
erwk sdudphwhu yhfwruv +K > O, dqg +O> K,> wklv lv ixoo| frqvlvwhqw zlwk rxu dvvxpswlrq wkdw dfwlrqv duh
vwudwhjlf vxevwlwxwhv1 Fohduo|/ krzhyhu/ wkh htxloleulxp +3/4, zkhq wkh sdudphwhu yhfwru lv +K > O, ylrodwhv
wkh frqfoxvlrq ri wkh wkhruhp1
44
Frqvlghu wkh lqwxlwlrq1 Fohduo| wkh gluhfw hhfw ri w vxssruwv wkh vshflhg fkdqjhv lq wkh
fkrlfh yhfwruv/ dqg rqh vhw ri lqgluhfw hhfwv grhv dv zhoo= zkhq sod|hu  lqfuhdvhv khu dfwlrq/
doo rssrqhqwv kdyh d orzhu lqfuhphqwdo uhwxuq wr wkhlu dfwlrqv1 Wkh sureohp lv wkdw d vhfrqg
vhw ri lqgluhfw hhfwv pd| grplqdwh= zkhq sod|hu  ghfuhdvhv khu dfwlrq/ sod|hu & kdv dq
lqfhqwlyh wr lqfuhdvh klv1 Zkhwkhu sod|hu & lv pruh vhqvlwlyh wr d fkdqjh lq sod|hu *v dfwlrq
ru sod|hu *v dfwlrq ghshqgv rq wkh ixqfwlrqdo irup1
Jlyhq wkdw frpsdudwlyh vwdwlfv uhvxowv duh txlwh vxewoh lq jdphv zlwk vwudwhjlf vxevwlwxwhv
dqg pruh wkdq wzr sod|huv/ wkh h{lvwlqj olwhudwxuh riwhq lpsrvhv d qxpehu ri vlpsoli|lqj
dvvxpswlrqv1 Iru h{dpsoh/ lw lv frpprq wr frqvlghu wzr0up prghov/ ru wr dvvxph wkdw d
up*v surw ghshqgv rqo| rq wkh vxp ri rssrqhqw dfwlrqv +dv lq d Frxuqrw prgho zlwk shuihfw
vxevwlwxwhv,/ vr wkdw wkh jdph hhfwlyho| ehfrphv d wzr0sod|hu jdph1 Wkhvh surshuwlhv
kdyh ehhq h{sorlwhg lq wkh h{lvwhqfh surri ri Vhowhq +4<:3,/ dqg lq wkh frpsdudwlyh vwdwlfv
glvfxvvlrq ri Gl{lw +4<;9,1 Krzhyhu/ wkhvh dvvxpswlrqv duh uhvwulfwlyh/ iru h{dpsoh uxolqj
rxw prghov zlwk lpshuihfw vxevwlwxwhv1
Wkxv prwlydwhg/ zh qrz lqwurgxfh d qhz uhvxow iru jdphv zlwk vwudwhjlf vxevwlwxwhv1
Dowkrxjk zh fdqqrw jhqhudol}h wkh frpsdudwlyh vwdwlfv uhvxowv ri Ohppd 6/ zh fdq vwloo
surylgh vx!flhqw frqglwlrqv iru zhdn lqfuhdvlqj grplqdqfh1 Wkh fulwlfdo dvvxpswlrq iru rxu
uhvxow lv h{fkdqjhdelolw|1
Wkhruhp 8 Vxssrvh wkh dvvxpswlrqv ri Wkhruhp 7 krog/ h{fhsw wkhuh duh U  2 sod|huv1
Wkhq w : w lpsolhv wkdw %
W
 E  %
W
E1
Surri1 Zlwkrxw orvv ri jhqhudolw|/ frqvlghu sod|huv 4 dqg 5/ dqg vxssrvh w : w2 Ohw
	 ’ A2E E| rxu h{fkdqjhdelolw| dvvxpswlrq/ wkhuh h{lvwv dq htxloleulxp  
WE	 vxfk
wkdw  W32E ’  
W
32E	 Il{  32 ’  
W
32E dqg frqvlghu wkh jdph ehwzhhq sod|huv 4 dqg
51 Ohw  WWE dqg  WWE	 eh htxloleuld ri wkh wzr0sod|hu jdph/ dqg revhuyh wkdw +XQT,
lpsolhv wkdw hdfk ri wkhvh htxloleuld lv xqltxh jlyhq wkh sdudphwhuv1 E| rxu h{fkdqjhdelolw|
dvvxpswlrq/ sod|huv c c U duh qrw dhfwhg e| wkh uhyhuvdo ri wkh vwdwh yduldeohv ri upv 4 dqg
51 Wkxv/ wkh htxloleulxp ri wkh wzr0sod|hu jdph lv dovr dq htxloleulxp zkhq sod|huv c c U










Wkh lqwxlwlrq ehklqg wkh uhvxow fdq eh hdvlo| uhodwhg1 Rxu jrdo lv wr frpsduh wkh htxl0
oleulxp fkrlfhv iru wzr yhfwruv ri vwdwh yduldeohv= wkh ruljlqdo yhfwru/ dqg d yhfwru zlwk
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wkh uvw wzr hohphqwv wudqvsrvhg1 Wkh nh| lqvljkw lv wkdw sod|huv wkuhh dqg kljkhu duh qrw
dhfwhg zkhq zh uhyhuvh wkh urohv ri wkh uvw wzr sod|huv1 Ixuwkhu/ wudqvsrvlqj wkh vwdwh
yduldeohv ri wkh uvw wzr sod|huv vkrxog phuho| wudqvsrvh wkhlu htxloleulxp fkrlfhv1 Wkxv/
zh fdq surfhhg e| kroglqj {hg wkh dfwlrqv ri sod|huv wkuhh dqg kljkhu dw wkh htxloleulxp
ydoxhv iru wkh ruljlqdo yhfwru ri vwdwh yduldeohv/ dqg dqdo|}h wkh jdph ehwzhhq wkh uvw wzr
sod|huv1 Exw wkhq/ wkh orjlf ri Wkhruhp 7 dssolhv= ghfuhdvlqj sod|hu 4*v vwdwh yduldeoh dqg
lqfuhdvlqj sod|hu 5*v vwdwh yduldeoh ghfuhdvhv wkh htxloleulxp fkrlfh ri sod|hu 4 dqg lqfuhdvhv
wkh htxloleulxp fkrlfh ri sod|hu 51
Wkxv/ zh vhh wkh fulwlfdo uroh sod|hg e| h{fkdqjhdelolw|= lw jlyhv xv mxvw hqrxjk vwuxfwxuh
wr krog {hg wkh ehkdylru ri sod|huv wkuhh dqg kljkhu/ dqg irfxv rq wkh wzr0sod|hu jdph1
Zlwkrxw wklv dvvxpswlrq/ zh frxog qg d frxqwhu0h{dpsoh1 Vxfk dq h{dpsoh pljkw h{sorlw
dv|pphwulhv lq wkh h{whqw wr zklfk rqh sod|hu fduhv derxw wkh fkrlfhv ri wkh rwkhuv1
Wkhruhp 8 fdq srwhqwldoo| eh dssolhg lq d zlgh ydulhw| ri roljrsro| sureohpv/ dv glvfxvvhg
ehorz/ dv zhoo dv lq d ydulhw| ri rwkhu hfrqrplf frqwh{wv> Vhfwlrq 717 frqvlghuv d prgho ri
vwudwhjlf wudgh/ zkloh wkh frqfoxvlrq glvfxvvhv d srwhqwldo dssolfdwlrq wr wrxuqdphqwv1
Lw lv lqvwuxfwlyh wr frpsduh wkh dssurdfk sxuvxhg khuh zlwk pruh vwdqgdug dssurdfkhv
wkdw pljkw eh xvhg wr uhdfk wkh frqfoxvlrq w : w ’, %
W
 E  %
W
E1 Frqvlghu dq
dowhuqdwlyh vhw ri vx!flhqw frqglwlrqv= +d, w ’ w ’, %
W
 E ’ %
W
Ec dqg +e, %
W
 +w, lv
zhdno| lqfuhdvlqj lq w dqg %
W
Ew lv zhdno| ghfuhdvlqj lq w iru  9’ 1 Li d sduwlfxodu jdph
vdwlvhv wkh uhtxlvlwh uhjxodulw| frqglwlrqv/ frqglwlrq +e, frxog eh yhulhg xvlqj wkh lpsolflw
ixqfwlrq wkhruhp1 Wklv dssurdfk zrxog glhu iurp rxuv lq wzr uhvshfwv1 Iluvw/ lw zrxog
uhtxluh dgglwlrqdo +grplqdqw0gldjrqdo, frqglwlrqv rq vhfrqg ghulydwlyhv1 Vhfrqg/ xqolnh
wkh frqglwlrqv ri Wkhruhp 8/ +e, h{foxghv vlwxdwlrqv zkhuh dq lqfuhdvh lq w ohdgv wr dq
lqfuhdvh ri vrph %WE/  9’ / hyhq wkrxjk vxfk vlwxdwlrqv duh txlwh sodxvleoh lq jdphv zlwk
vwudwhjlf vxevwlwxwhv1 Lqghhg/ zkhq wkhuh duh wkuhh ru pruh sod|huv/ lw lv srvvleoh wr frqvwuxfw
h{dpsohv zkhuh wkh frqglwlrqv ri Wkhruhp 8 krog exw frqglwlrq +e, idlov1 Wkxv/ e| lpsrvlqj
h{fkdqjhdelolw|/ zh duh deoh wr glvshqvh zlwk vprrwkqhvv uhtxluhphqwv/ grplqdqw gldjrqdo
frqglwlrqv rq vhfrqg ghulydwlyhv/ dqg zh duh deoh wr lqfoxgh d udqjh ri hfrqrplf ehkdylruv
h{foxghg e| +e,1 Ixuwkhu/ dv glvfxvvhg lq Vhfwlrq 5/ hyhq rxu pdlqwdlqhg dvvxpswlrq ri
hvvhqwldo xqltxhqhvv lv zhdn frpsduhg wr wkh joredo grplqdqw gldjrqdo frqglwlrq1
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615 Zhdn Lqfuhdvlqj Grplqdqfh iru P|rslf Ilupv
Xvlqj wkh uhvxowv ri wkh odvw vxevhfwlrq/ zh qrz jlyh frqglwlrqv iru zhdn lqfuhdvlqj grplqdqfh
lq rxu lqyhvwphqw jdph/ zkhq upv duh p|rslf1




















Wkhq/ zhdn lqfuhdvlqj grplqdqfh krogv= iru d jlyhq  9’ c li up l kdv d kljkhu vwdwh yduldeoh/
wkh htxloleulxp lqyhvwphqw ri up l lv juhdwhu wkdq wkdw ri up m/ wkdw lv/ t : t lpsolhv
@W Ev  @
W
Ev1
Wkh Sursrvlwlrq lv d gluhfw dssolfdwlrq ri Wkhruhp 81 Wkh frqglwlrqv ri wkh Sursrvlwlrq
fdq eh xqghuvwrrg dv iroorzv1 Iluvw/ lq whupv ri dgmxvwphqw frvwv/ wkh lqfuhphqwdo frvw ri
lqyhvwphqw pxvw qrw lqfuhdvh wrr udslgo| dv wkh rzq vwdwh yduldeoh lqfuhdvhv1 Wkh uhpdlqlqj
frqglwlrqv frqfhuq h{shfwhg surgxfw pdunhw surwv1 Iru ixwxuh uhihuhqfh/ zh vxppdul}h wkh















Lq zrugv/ +ZLG0S, uhtxluhv wkdw lq whupv ri h{shfwhg surgxfw pdunhw surwv/ wkh lqyhvwphqwv
ri wkh wzr upv duh vwudwhjlf vxevwlwxwhv> kljkhu ohyhov ri d up*v rzq vwdwh yduldeoh lqfuhdvh
wkh pdujlqdo uhwxuqv wr lqyhvwphqw> dqg kljkhu ohyhov ri wkh rssrqhqw*v vwdwh yduldeoh ghfuhdvh
wkh pdujlqdo uhwxuqv wr lqyhvwphqw1 Lq Vhfwlrq 7/ zh zloo ixuwkhu dqdo|}h wkhvh frqglwlrqv lq
wkh frqwh{w ri roljrsro| prghov1
Ri frxuvh/ qrw doo dssolfdwlrqv zloo eh fkdudfwhul}hg e| zhdn lqfuhdvlqj grplqdqfh1 Lq0
ghhg/ wkh iroorzlqj vlpsoh fruroodu| jlyhv vx!flhqw frqglwlrqv iru zhdn ghfuhdvlqj grpl0
qdqfh/ phdqlqj wkdw ohdghuv lqyhvw ohvv wkdq odjjdugv=
Fruroodu| : Vxssrvh upv duh p|rslf1 Vxssrvh wkdw iru doo  9’  dqg doo +@/vc
@c@  fc 

@ct
 fc dqg @ct  f
Wkhq/ t : t lpsolhv @
W
 Ev  @
W
Ev1
Lq zrugv/ li d kljkhu vwdwh yduldeoh iru up  ghfuhdvhv up *v lqyhvwphqw lqfhqwlyhv
dqg lqfuhdvhv up *v lqyhvwphqw lqfhqwlyhv/ wkh ohdglqj up zloo lqyhvw ohvv li wkh upv duh
p|rslf1
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616 Lqyhvwphqwv wkdw Suhfhgh Surgxfw Pdunhw Frpshwlwlrq
Lq wklv vhfwlrq/ zh ixuwkhu h{soruh wkh vshfldo fdvh zkhuh wkh upv lqyhvw sulru wr surg0
xfw pdunhw frpshwlwlrq/ dqg wkxv wkh surwv lq wkh surgxfw pdunhw fdq eh uhsuhvhqwhg dv
uhgxfhg0irup ixqfwlrqv ri wkh vwdwh yduldeohv/ dv lq +5,1 Rxu jrdo lv wr dqdo|}h wkh frqglwlrqv
xqghu zklfk +ZLG0S, lv vdwlvhg1 Zkhq +5, krogv/ zh kdyh wkh iroorzlqj +zkhuh/ dv xvxdo/
wkh vxevfulswv rq Z dqg eZ ghqrwh sduwldo ghulydwlyhv,=
Ztc+E@
|c)|cv|3 ’ eZtctEv|3 n )| +8,
Zt c+E@
|c)|cv|3 ’ Z+c+E@
|c)|cv|3 ’ eZtctEv|3 n )|
Zkhq lqyhvwphqw uhwxuqv duh ghwhuplqlvwlf/ @| ’ )|c dqg +5, krogv/ .ZE@|cv|3 ’ eZEv|3n
@|/ vr wkdw +8, ghvfulehv wkh lqwhudfwlrqv dprqj lqyhvwphqwv dqg ehwzhhq lqyhvwphqwv dqg
vwdwh yduldeohv1 Lq wklv fdvh/ wkh iroorzlqj frqglwlrq zloo eh vx!flhqw wr jxdudqwhh wkdw
+ZLG0S, krogv=
eZtct  f dqg eZtct  f +ZLG0R,
Qh{w/ zh dqdo|}h +ZLG0R, lq whupv ri d pruh sulplwlyh +exw vwloo uhgxfhg0irup, roljrsro|
prgho1 Edjzhoo dqg Vwdljhu +4<<7, dujxhg wkdw d zlgh udqjh ri roljrsro| prghov kdyh wkh
ihdwxuh wkdw lqyhvwphqwv lq frvw0uhgxfwlrq duh vwudwhjlf vxevwlwxwhv1 Wr vhh zk| vxfk d uhvxow
pljkw krog lq jhqhudo/ vxssrvh wkdw eZEv| ’ (Ev| 6Ev|c zkhuh (Ev| lv wkh ghpdqg
iru up  dqg 6Ev| lv wkh pdunxs lq wkh surgxfw pdunhw htxloleulxp zkhq wkh vwdwh
yduldeoh lv v|1 Revhuyh wkdw=



















Khuh/ wkh uvw wzr whupv rq wkh uljkw0kdqg vlgh duh w|slfdoo| qhjdwlyh1 Wr xqghuvwdqg wkh
uvw whup/ revhuyh wkdw lq pdq| dssolfdwlrqv/ lpsuryhphqwv lq wkh rssrqhqw*v vwdwh yduldeoh








 f1 Wkhq/ wkh qhjdwlyh hhfw
ri d frpshwlwru*v lpsuryhphqw rq d up*v rzq pdun0xs kdv juhdwhu hhfwv rq surwv wkh








xqghuvwdqg wkh vhfrqg whup/ qrwh wkdw wkh srvlwlyh hhfw ri d up*v vwdwh rq lwv rzq pdun0


























 f( ixuwkhu/ vlqfh lq pdq| dssolfdwlrqv/












 f Lqwxlwlyho|/ wkh srvlwlyh hhfw rq wkh pdun0xs wkdw vwhpv
iurp uhgxfhg pdujlqdo frvwv +ru lpsuryhg txdolw|, lv hqkdqfhg e| wkh srvlwlyh hhfw ri frvw0
uhgxfwlrq rq ghpdqg1 Vr orqj dv qhlwkhu pdun0xs qru ghpdqg lv h{wuhpho| frqfdyh lq wkh
rzq vwdwh yduldeoh/ wklv hhfw grplqdwhv dqg +ZLG0R, krogv1 Vlploduo|/
Wkh qh{w uhvxow iroorzv gluhfwo| iurp wkhvh dujxphqwv=
Ohppd ; Vxssrvh wkdw ( Et |

c c t |U  dqg 6
 Et |

c c t |U  duh olqhdu ixqfwlrqv/ dqg wkdw
Y(*Yt |  f/ Y6
*Yt |  f/ Y(
*Yt |  f dqg Y6
*Yt |  f1 Wkhq Frqglwlrq ZLG0R
krogv1
E| Sursrvlwlrq 9/ wkh frqglwlrqv ri Ohppd ; lpso| wkdw zhdn lqfuhdvlqj grplqdqfh zloo
krog li dgmxvwphqw frvwv gr qrw lqfuhdvh wrr udslgo| zlwk vwdwh yduldeohv1 Reylrxvo|/ wkh
olqhdulw| dvvxpswlrq lv pxfk pruh vshfldo wkdq uhtxluhg1 Qhyhuwkhohvv/ lw fdq eh dssolhg lq
wkh iroorzlqj Ohppd/ zklfk vkrzv wkdw pdq| idploldu roljrsro| prghov vdwlvi| wkh surshuwlhv
vxppdul}hg lq +ZLG0R,1
Ohppd < Lq wkh iroorzlqj prghov/ frqglwlrq ZLG0R krogv=4<
+d, Ehuwudqg ru Frxuqrw frpshwlwlrq zkhuh hdfk up*v pdujlqdo frvw lv frqvwdqw/ jrrgv duh
glhuhqwldwhg/ dqg ghpdqg lv olqhdu +Gl{lw/ 4<:<,/ zkhuh t | uhsuhvhqwv hlwkhu pdujlqdo frvw/
up *v txdolw| ohyho/ ru wkh glhuhqfh ehwzhhq wkh odwwhu wzr sdudphwhuv1
+e, Prghov ri krul}rqwdo frpshwlwlrq rq wkh olqh +g*Dvsuhprqw hw do1/ 4<:<, ru rq wkh flufoh
+Vdors/ 4<:<, zlwk txdgudwlf wudqvsruwdwlrq frvwv/ zkhuh t | lv dv lq +d,1
+f, Wkh Vkdnhg2Vxwwrq +4<;5, prgho ri yhuwlfdo txdolw| glhuhqwldwlrq zlwk srwhqwldoo| gli0
ihuhqw pdujlqdo frvwv/ zkhuh t | uhsuhvhqwv up *v pdujlqdo frvw1
53
4<Edjzhoo dqg Vwdljhu +4<<7, hvwdeolvk wkdw vhyhudo ri wkhvh h{dpsohv vdwlvi| vwudwhjlf vxevwlwxwdelolw|1
Krzhyhu/ wkh| gr qrw glvfxvv frqyh{lw|1
53Lq wklv fdvh/ frqglwlrq ZLG0R grhv qrw qhfhvvdulo| krog zkhq \ wl uhsuhvhqwv up l*v txdolw| ohyho1
49
+g, Wkh Vkdnhg2Vxwwrq +4<;5, prgho ri yhuwlfdo txdolw| glhuhqwldwlrq zkhuh wkh pdunhw lv
dvvxphg wr eh fryhuhg/ wkh upv kdyh lghqwlfdo pdujlqdo frvwv/ dqg t | uhsuhvhqwv up *v
txdolw| ohyho1
D vnhwfk ri wkh surri fdq eh irxqg lq wkh Dsshqgl{1 Lq wkh uvw wkuhh fdvhv/ wkh uhvxow
iroorzv iurp gluhfw dssolfdwlrq ri Ohppd ;1 Wkh fdvh ri yhuwlfdo glhuhqwldwlrq zlwk wkh
txdolw| sdudphwhu dv wkh vwdwh yduldeoh lv qrw txlwh dv vwudljkwiruzdug/ ehfdxvh wkh frqglwlrqv
ri Ohppd ; gr qrw krog iru hyhu| prgho ri yhuwlfdo glhuhqwldwlrq= lqfuhdvlqj txdolw| grhv
qrw qhfhvvdu| lqfuhdvh ghpdqg dqg wkh pdun0xs/ lq sduwlfxodu iru d orz0txdolw| up wkdw
uhgxfhv yhuwlfdo glhuhqwldwlrq e| prylqj forvhu wr lwv ulydo154
Dowkrxjk Ohppd < lv xvhixo lq ghwhuplqlqj zkhwkhu +ZLG0R, krogv/ lq rughu wr dsso|
Sursrvlwlrq 9/ lw uhpdlqv wr fkhfn wkdw wkh prghov vdwlvi| rxu pdlqwdlqhg dvvxpswlrqv1 Lq
sduwlfxodu/ zh pxvw yhuli| wkh dvvxpswlrqv wkdw surwv duh h{fkdqjhdeoh dqg wkdw wkhuh h{lvwv
d frqglwlrqdoo| xqltxh htxloleulxp1 H{fkdqjhdelolw| dozd|v krogv lq prghov +d,/ +f,/ dqg
+g,/ exw lw uhtxluhv wkdw zh uhvwulfw dwwhqwlrq wr rqo| wzr upv lq prgho +e,/ zkhuh upv duh
krul}rqwdoo| glhuhqwldwhg1 Hyhq iru wkh wzr0up fdvh/ zkhq wkh upv duh orfdwhg rq d olqh/
zh uhtxluh wkh dgglwlrqdo dvvxpswlrq wkdw wkh orfdwlrqv duh htxlglvwdqw iurp wkh plgsrlqw ri







iru t 9’ tc  9’ 1 Lq whupv ri rxu sulplwlyhv/ wklv zloo krog li wkh dgmxvwphqw frvw ixqfwlrq
lv vx!flhqwo| frqyh{ lq lqyhvwphqw1
Li lqyhvwphqw lv ghwhuplqlvwlf dqg +| ’ @
|
c zh frqfoxgh wkdw surgxfw pdunhw frpshwlwlrq
fuhdwhv vwurqj irufhv lq idyru ri wkh uhvxow wkdw ohdglqj upv kdyh vwurqjhu lqfhqwlyhv wr
lqfuhdvh wkhlu vwdwh yduldeoh wkdq odjjlqj upv1
Sursrvlwlrq 43 Vxssrvh wkdw up lqyhvwphqwv suhfhgh surgxfw pdunhw frpshwlwlrq/ wkdw
lqyhvwphqw uhwxuqv duh ghwhuplqlvwlf/ dqg wkdw +| ’ @
|
 Vxssrvh ixuwkhu wkdw surgxfw pdunhw
frpshwlwlrq lv ghvfulehg e| rqh ri wkh prghov ri Ohppd </ ru wkdw wkh frqglwlrqv ri Ohppd
; duh vdwlvhg1 Ilqdoo|/ dvvxph wkdw 	Ztct  &

@ct
iru doo E@cv Wkhq zhdn lqfuhdvlqj
grplqdqfh krogv iru p|rslf upv1
54Lqghhg/ Urqqhq +4<<4, frqvlghuv wkh Vkdnhg2Vxwwrq prgho zkhq wkh pdunhw lv qrw fryhuhg/ dqg qgv
frqglwlrqv zkhuhe| yhuwlfdo lqyhvwphqwv duh vwudwhjlf frpsohphqwv> vlploduo|/ wkh frqglwlrqv gr qrw qhfhv0
vdulo| krog li wkh upv kdyh glhuhqw pdujlqdo frvw sdudphwhuv1 Vhh dovr Hoolfnvrq +4<<<, iru dq h{dpsoh
zkhuh txdolw| lqyhvwphqwv pd| eh vwudwhjlf vxevwlwxwhv ru frpsohphqwv ghshqglqj rq wkh sdudphwhu ydoxhv1
4:
Lq Vhfwlrq 7/ zh zloo frqvlghu vshflf prghov wkdw w lqwr rxu jhqhudo iudphzrun/ dqg
ixuwkhu h{soruh vwrfkdvwlf lqyhvwphqw1 Zh zloo dovr kljkoljkw flufxpvwdqfhv xqghu zklfk
frxqwhuydlolqj hhfwv duh olnho| wr grplqdwh ryhu wkh irufhv lghqwlhg lq wklv vhfwlrq1 Ehiruh
surfhhglqj/ krzhyhu/ zh frqvlghu frqglwlrqv xqghu zklfk ohdglqj upv zloo qrw rqo| fkrrvh
kljkhu lqyhvwphqwv/ exw zloo dovr lqfuhdvh wkhlu pdunhw vkduhv ryhu wlph1
61614 Vwurqj Lqfuhdvlqj Grplqdqfh
Zhdn lqfuhdvlqj grplqdqfh grhv qrw qhfhvvdulo| lpso| vwurqj lqfuhdvlqj grplqdqfh/ wkdw
lv/ wkdw ohdglqj upv zloo lqfuhdvh wkhlu pdunhw vkduh ryhu wlph1 Fohduo|/ vwurqjhu lqyhvw0
phqwv qhhg qrw qhfhvvdulo| lpso| idvwhu jurzwk ri wkh vwdwh yduldeoh li wkhuh lv d vwrfkdvwlf
uhodwlrq ehwzhhq lqyhvwphqw dqg lqyhvwphqw vxffhvv155 Krzhyhu/ hyhq li wkh vwdwh yduldeoh
ri wkh ohdglqj up jurzv idvwhu wkdq wkh rwkhuv/ dgglwlrqdo frqglwlrqv duh uhtxluhg iru zhdn
lqfuhdvlqj grplqdqfh wr lpso| vwurqj lqfuhdvlqj grplqdqfh1
Zh frqwlqxh wr irfxv rq wkh fdvh zkhuh lqyhvwphqw lv ghwhuplqlvwlf +)| ’ @|,/ lqyhvw0
phqw wdnhv sodfh ehiruh surgxfw pdunhw frpshwlwlrq/ dqg eZEv ’ (Ev  6Ev1 Lw lv
vwudljkwiruzdug wr vkrz wkdw xqghu wkhvh dvvxpswlrqv d up wkdw lqfuhdvhv lwv vwdwh yduldeoh















Wr lqwhusuhw wklv frqglwlrq/ frqvlghu d vshfldo fdvh= ghpdqg ixqfwlrqv duh olqhdu lq vwdwhv dqg
v|pphwulf/ vr wkdw wkhuh h{lvw wzr frqvwdqwv/ g dqg g2c vxfk wkdw iru doo c c Y(
*Yt ’
g dqg Y(









Vlqfh wkh ohdglqj up e| ghqlwlrq kdv d pdunhw vkduh juhdwhu wkdq *U/ vwurqj lqfuhdvlqj







 f1 Dv wklv odvw whup ghvfulehv wkh jurzwk ri wrwdo
pdunhw ghpdqg li hyhu| up fdq lqfuhdvh lwv vwdwh yduldeoh e| wkh vdph pdujlqdo dprxqw/
wkh lqwhusuhwdwlrq lv vwudljkwiruzdug1 Zhdn lqfuhdvlqj grplqdqfh lpsolhv vwurqj lqfuhdvlqj
grplqdqfh li dqg rqo| li pdunhw ghpdqg uhpdlqv xqdhfwhg ru vkulqnv dv d uhvxow ri d
vlpxowdqhrxv lqfuhdvh lq doo vwdwh yduldeohv1
55Dovr/ frqvlghu wkh glvfxvvlrq ri ohduqlqj0e|0grlqj ehorz1
56Wkh fodlp iroorzv e| wdnlqj wkh vxp ri ghulydwlyhv ri up l*v surw ryhu l @ 4> ===> L dqg uhduudqjlqj1
4;
Ri frxuvh/ wkhvh duh fdvhv zkhuh wkh lqyhvwphqwv rqo| kdyh ghpdqg0vwhdolqj udwkhu wkdq
ghpdqg0fuhdwlqj hhfwv1 Rwkhu wklqjv ehlqj htxdo/ zh vkrxog wkhuhiruh h{shfw vwurqj lq0
fuhdvlqj grplqdqfh wr eh pruh w|slfdo/ vd|/ iru dgyhuwlvlqj lqyhvwphqwv lq d pdwxuh lqgxvwu|
wkdq iru frvw0uhgxflqj lqyhvwphqwv lq surgxfwv zlwk idluo| hodvwlf ghpdqg1
617 Idu0Vljkwhg Ilupv
Qrz vxssrvh wkdw upv glvfrxqw wkh ixwxuh dw udwh B : f1 Zh zlvk wr jhqhudol}h Sursrvlwlrq
9 wr wkh fdvh zkhuh upv orrn iruzdug wr wkh ixwxuh/ pd{lpl}lqj suhvhqw glvfrxqwhg h{shfwhg
surwv1 Zh dvvxph wkdw wkh dfwlrqv ri upv duh revhuydeoh lq hyhu| shulrg1 Krzhyhu/ wr
vlpsoli| pdwwhuv/ zh zloo dvvxph wkdw wkh hyroxwlrq ri wkh vwdwh yduldeoh lv ghwhuplqlvwlf1
Wr ehjlq/ zh vkrz wkdw zh duh deoh wr surylgh srzhuixo frqfoxvlrqv zkhq zh uhvwulfw
dwwhqwlrq wr wkh ehqfkpdun fdvh ri rshq0orrs sxuh vwudwhj| Qdvk htxloleuld +RSVQH,1
Lq dq RSVQH/ hdfk up pdnhv d ghwhuplqlvwlf lqyhvwphqw sodq dw wkh ehjlqqlqj ri wkh
jdph/ dqg wklv sodq fdqqrw eh prglhg odwhu> wkh lqyhvwphqw sodqv ri wkh upv pxvw ehvw
uhvsrqvhv wr rqh dqrwkhu zkhq frqvlghuhg dw gdwh 31 Zkloh lq jhqhudo/ vxfk d uhvwulfwlrq fdq
eh vhyhuh/ lw lv ohvv vr lq wkh ghwhuplqlvwlf frqwh{w= hyhu| RSVQH lv dovr d Qdvk htxloleulxp
lq wkh jdph zkhuh hdfk sod|hu fdq frqglwlrq klv dfwlrqv rq wkh revhuyhg klvwru| ri sdvw sod|/
wkrxjk lw pd| qrw eh vxejdph0shuihfw +vhh Ixghqehuj dqg Wluroh +4<<4,/ ss1 4630466,157 Dv
wkh RSVQH rplwv wkh vwudwhjlf hhfwv wkdw pljkw dulvh zkhq upv dwwhpsw wr pdqlsxodwh
wkh ixwxuh lqyhvwphqwv ri rssrqhqwv/ lw vhuyhv dv d xvhixo srlqw ri frpsdulvrq1 Ixuwkhu/ li
upv duh idluo| lpsdwlhqw dqg pxvw { wkhlu lqyhvwphqw sodqv vhyhudo shulrgv lq dgydqfh/
RSVQH pd| surylgh d jrrg uvw dssur{lpdwlrq ri ehkdylru1 Vxfk dgydqfh sodqqlqj pljkw
eh uhtxluhg li uhvhdufk dqg ghyhorsphqw uhtxluhv odujh fdslwdo h{shqglwxuhv ru vshfldol}hg
whfkqrorj|/ vxfk dv oderudwrulhv1
Plojurp dqg Urehuwv +4<<3, vkrzhg wkdw dq dgydqwdjh ri wkh odwwlfh0wkhruhwlf dssurdfk
wr jdphv lv wkdw wkh wkhru| ri vxshuprgxodu jdphv fdq eh dssolhg wr sureohpv zlwk d zlgh
ydulhw| ri fkrlfh vhwv/ lqfoxglqj sureohpv zkhuh wkh djhqw fkrrvhv dq lqqlwh vhtxhqfh ri
57Wr vhh wklv/ vxssrvh wkdw dR lv dq rshq0orrs QH1 Wkhq/ frqvlghu wkh xquhvwulfwhg jdph/ zkhuh sod|huv
fdq frqglwlrq wkhlu lqyhvwphqw lq shulrg w rq wkh klvwru| ri sod| xs wr shulrg w1 Vxssrvh wkdw sod|hu l
fkrrvhv d vwudwhj| zkhuh klv dfwlrq dw hyhu| vwhs ghshqgv rqo| rq w dqg \3/ exw qrw rq dq| rwkhu dvshfw ri
wkh klvwru|1 Vxssrvh lq sduwlfxodu/ sod|hu l*v sodq lv wr xvh dl>R= Wkhq/ wkh vdph frqglwlrqv wkdw jxdudqwhh
wkdw dR lv dq RSVQH lpso| wkdw dm>R lv d ehvw uhvsrqvh wr dl>R iru m 9@ l1 Wklv dujxphqw euhdnv grzq li wkh
jdph lv vwrfkdvwlf ru upv xvh pl{hg vwudwhjlhv1
4<
dfwlrqv1 Wkh| dsso| wkh wkhru| ri vxshuprgxodu jdphv wr dqdo|}h RSVQH ri lqqlwh0krul}rq
g|qdplf jdphv1 Wkh iroorzlqj Sursrvlwlrq xvhv d vlplodu dssurdfk/ dsso|lqj Wkhruhp 8 wr
wkh lqqlwh0krul}rq sureohp1
Sursrvlwlrq 44 Vxssrvh wkdw upv olyh iru A  4 shulrgv dqg duh idu0vljkwhg/ dqg wkdw
+ZLG, krogv1 Vxssrvh ixuwkhu wkdw wkh hyroxwlrq ri wkh vwdwh yduldeoh lv ghwhuplqlvwlf dqg



















Li wkhuh lv d frqglwlrqdoo| xqltxh RSVQH/ ghqrwhg O@WEvf/ t f : t
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 lpsolhv wkdw iru doo |c
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f1
Wkh surri lv jlyhq lq wkh Dsshqgl{1 Sursrvlwlrq 44 lpsrvhv vhyhudo frqglwlrqv eh|rqg
wkrvh uhtxluhg lq Sursrvlwlrq 91 Wkh ixqfwlrqdo uhvwulfwlrq rq wkh hyroxwlrq ri wkh vwdwh
yduldeoh vlpsolhv wkh sureohp/ doorzlqj xv wr frqvlghu gluhfwo| wkh hhfw ri wrgd|*v dfwlrq rq
doo ixwxuh shulrgv1 Frqglwlrq +ZLG0G4, lv uhtxluhg wr jxdudqwhh wkdw wkh iroorzlqj dgglwlrqdo
frqglwlrqv krog= wkh dfwlrqv ri d jlyhq up lq wzr glhuhqw shulrgv duh frpsohphqwdu| lq
lqfuhdvlqj wkh surw lq doo ixwxuh shulrgv +uhtxlulqj wkh dgglwlrqdo dvvxpswlrq tct  f,>
dqg/ dfurvv dq| sdlu ri shulrgv/ wkh dfwlrqv ri wkh wzr upv duh vwudwhjlf vxevwlwxwhv +uhtxlulqj
wkh dgglwlrqdo dvvxpswlrqv @ ct  f dqg 

tct
 f,1 Vlqfh up *v dfwlrqv dqg vwdwhv gr
qrw dhfw up *v dgmxvwphqw frvwv/ wkh frqglwlrqv uhgxfh wr uhvwulfwlrqv rq wkh h{shfwhg
surgxfw pdunhw surwv1
Frqvlghu wkh vshfldo fdvh zkhuh lqyhvwphqw suhfhghv surgxfw pdunhw frpshwlwlrq1 Wkhq/
wkh uhvwulfwlrq dqdo|}hg lq wkh odvw vxevhfwlrq/ +ZLG0R,/ lpsolhv erwk +ZLG, dqg +ZLG0G4,1
Rxu uhvwulfwlrq wr RSVQH lq Sursrvlwlrq 44 lv srwhqwldoo| vhyhuh1 Zkloh lw looxvwudwhv
wkdw vrph dvshfwv ri g|qdplf frpshwlwlrq uhlqirufh rxu uhvxowv derxw lqfuhdvlqj grplqdqfh/
wkh uhvxow ljqruhv wkh lqfhqwlyhv ri upv wr dgmxvw wkhlu lqyhvwphqw vwudwhjlhv ryhu wlph lq dq
dwwhpsw wr pdqlsxodwh wkh lqyhvwphqw uhvsrqvh ri rssrvlqj upv1 Xqiruwxqdwho|/ zkhq zh
hqodujh wkh vwudwhj| vsdfh ri upv lq wkh g|qdplf jdph wr doorz wkhp wr uhvsrqg wr fxuuhqw
frqglwlrqv/ d ydulhw| ri frpshwlqj hhfwv fdq hphujh1 Wkh iroorzlqj uhvxow kljkoljkwv d vhw
ri vx!flhqw frqglwlrqv iru zhdn lqfuhdvlqj grplqdqfh lq d g|qdplf jdph ehwzhhq wzr upv1
53
Sursrvlwlrq 45 Vxssrvh wkh dvvxpswlrqv ri Sursrvlwlrq 44 krog1 Lq dgglwlrq/ dvvxph wkdw
lq hdfk shulrg/ hdfk up*v lqyhvwphqw lv fkrvhq iurp d frpsdfw vxevhw ri U/ dqg wkdw lq hdfk
shulrg/ wkh rssrqhqw*v htxloleulxp dfwlrq lqgxfhv d xqltxh/ lqwhulru ehvw0uhvsrqvh lqyhvwphqw1
Ilqdoo|/ dvvxph wkdw hlwkhu +4, wkh frqglwlrqv ri Ohppd ; krog/ ru/ pruh jhqhudoo|/ +5, 
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+ZLG0D,
Li wkhuh lv d frqglwlrqdoo| xqltxh Pdunry0shuihfw htxloleulxp/ zkhuh vwudwhjlhv lq shulrg | duh
ghqrwhg @|WEvc wkhq t |3 : t
|3
 lpsolhv wkdw @
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 Ev
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  @|W Ev
|31
Wklv uhvxow surylghv vx!flhqw frqglwlrqv iru zhdn lqfuhdvlqj grplqdqfh lq d Pdunry0
shuihfw htxloleulxp/ zkhuhe| hdfk up*v lqyhvwphqw lq shulrg | ghshqgv rq wkh vwdwh yduldeoh
lq shulrg |1 Xqghu wkh dvvxpswlrqv ri Sursrvlwlrq 45/ zh fdq frpsduh wkh Pdunry0shuihfw
htxloleulxp zlwk wkh RSVQH/ qglqj wkdw wkh dgglwlrqdo vwudwhjlf hhfwv uhlqirufh wkh whq0
ghqf| wrzdugv zhdn lqfuhdvlqj grplqdqfh1 Krzhyhu/ zkhq wkh dvvxpswlrqv duh uhod{hg/ wkh
dgglwlrqdo vwudwhjlf hhfwv pd| vhuyh dv plwljdwlqj idfwruv1 Li upv duh vx!flhqwo| sdwlhqw/
zhdn lqfuhdvlqj grplqdqfh pd| eh ryhuwxuqhg1
Frqvlghu wkh uroh ri hdfk dvvxpswlrq1 Iluvw/ zh pdlqwdlq wkh dvvxpswlrq wkdw A 	4 lq
rughu wr dyrlg whfkqlfdo lvvxhv frqfhuqlqj glhuhqwldelolw| ri wkh ydoxh ixqfwlrq1 Wkh uhvxowv
fdq eh h{whqghg wr dq lqqlwh krul}rq/ exw wkh surri lv pruh fxpehuvrph1 Glhuhqwldelolw|
vlpsolhv wkh dqdo|vlv e| doorzlqj xv wr dsso| wkh hqyhorsh wkhruhp zkhq dqdo|}lqj wkh
lqwhudfwlrqv ehwzhhq lqyhvwphqwv dfurvv upv dqg ryhu wlph1
Vhfrqg/ zh kdyh lpsrvhg dgglwlrqdo frqglwlrqv rq sduwldo ghulydwlyhv ri wkh surgxfw
pdunhw sd|rv +ZLG0G5, dqg wkh srolf| ixqfwlrqv +ZLG0D,1 Wkh| sod| d uroh ehfdxvh/
wr ghwhuplqh zkhwkhu lqyhvwphqwv duh vwudwhjlf vxevwlwxwhv/ zh pxvw yhuli| wkdw wrgd|*v
lqyhvwphqwv duh vxevwlwxwhv lq dhfwlqj wrpruurz*v surw1 Wkhvh uhvwulfwlrqv duh lpsolhg e|
wkh frqglwlrqv ri Ohppdv ; dqg <1 Rqh frqvhtxhqfh ri frqglwlrq +ZLG0D, lv wkdw up *v
54
shulrg0| lqyhvwphqw ghfuhdvhv wkh pdujlqdo uhwxuq wr up *v shulrg0| lqyhvwphqw/ wkurxjk lwv
hhfw rq up *v shulrg0| n  lqyhvwphqw1 Zkhq shu0shulrg sd|rv duh txdgudwlf/ rswlpdo
srolf| ixqfwlrqv duh olqhdu/ dqg wkh odwwhu hhfw lv }hur1 Krzhyhu/ lq jhqhudo/ wkh wklug
ghulydwlyhv ri wkh ydoxh ixqfwlrq fdq srwhqwldoo| jhqhudwh vwudwhjlf lqwhudfwlrq hhfwv wkdw
zrun djdlqvw zhdn lqfuhdvlqj grplqdqfh1
Qrz frqvlghu wkh uroh ri wkh dvvxpswlrq wkdw wkhuh duh rqo| wzr upv1 Wkh uvw frqvh0
txhqfh ri wklv dvvxpswlrq/ h{sorlwhg lq wkh surri/ lv wkdw htxloleulxp srolf| ixqfwlrqv zloo
eh prqrwrqh= e| Ohppd 6/ zkhq up  kdv d kljkhu vwdwh yduldeoh/ up *v htxloleulxp lq0





Zlwk pruh wkdq 5 upv/ wklv frqfoxvlrqv qr orqjhu krogv/ dv glvfxvvhg lq Vhfwlrq 7141 Ixu0
wkhu/ hyhq li htxloleulxp srolf| yhfwruv duh prqrwrqh/ frpshwlqj hhfwv fdq vwloo dulvh +iru
vlplodu uhdvrqv,1 Frqvlghu wkh lqwhudfwlrq ehwzhhq up *v vwdwh yduldeoh dqg up *v vwdwh
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A   f/ wkh uvw whup lv srvlwlyh/ fuhdwlqj d irufh rssrvlqj vwudwhjlf
vxevwlwxwdelolw| ehwzhhq up *v lqyhvwphqw dqg up *v lqyhvwphqw1 Zh kdyh qrw vshflhg
wkh vljq ri @ c@&  Wkxv/ zkhq pruh wkdq wzr upv duh suhvhqw/ vwudwhjlf lqwhudfwlrq ehwzhhq
wzr upv lv frpsolfdwhg e| wkh hhfwv ri wkh wzr upv* lqyhvwphqwv rq wkh lqyhvwphqwv ri
rwkhu upv1
Lq vxppdu|/ zh qg wkdw zkhq upv duh iruzdug0orrnlqj/ wkh edvlf irufhv iurp rxu vwdwlf
prgho uhpdlq suhvhqw> dqg li wkh upv duh irufhg wr frpplw wr vwudwhjlf lqyhvwphqw sodqv
lq dgydqfh/ rxu uhvxowv derxw zhdn lqfuhdvlqj grplqdqfh duh uhlqirufhg1 Wkxv/ rxu uhvxowv
derxw zhdn lqfuhdvlqj grplqdqfh duh shukdsv prvw vdolhqw zkhq upv duh lpsdwlhqw/ ru zkhq
lqyhvwphqw sodqv duh lqkhuhqwo| orqj0whup1 Krzhyhu/ li upv duh idu0vljkwhg dqg li wkh| dgmxvw
wkhlu lqyhvwphqwv lq uhvsrqvh wr wkh hyroxwlrq ri wkh vwdwh yduldeoh/ wkhq rxu uhvxowv pxvw
eh txdolhg1 Frpshwlqj hhfwv pd| dulvh zkhq wkhuh duh pruh wkdq wzr upv/ ru zkhq wkh
fxuydwxuh ri wkh surw ixqfwlrq lv yhu| vhqvlwlyh wr wkh ohyho ri wkh vwdwh yduldeohv158
58Ri frxuhv/ lqfuhdvlqj grplqdqfh pd| dulvh hyhq zkhq wkh vx!flhqw frqglwlrqv ri Sursrvlwlrq 45 duh
qrw vdwlvhg1 Iru lqvwdqfh/ lq d prgho ri Fdeudo +4<<<,/ lqfuhdvlqj grplqdqfh dulvhv ghvslwh wkh idfw wkdw
h{shfwhg sd|rv duh frqfdyh lq wkh vwdwh yduldeoh iru ohdghuv dqg frqyh{ iru odjjdugv1
55
Ehiruh surfhhglqj/ zh phqwlrq d qdo frpphqw derxw rxu h{whqvlrq wr idu0vljkwhg upv=
rxu uhvxow derxw ghfuhdvlqj grplqdqfh/ Fruroodu| :/ fdqqrw eh h{whqghg wr doorz iru idu0
vljkwhg upv/ hyhq xqghu wkh dgglwlrqdo uhvwulfwlyh dvvxpswlrqv rxwolqhg deryh1 Iru h{dpsoh/
dsso|lqj wkh orjlf ri wkh surri ri Sursrvlwlrq 44 zrxog uhtxluh wkdw wkh lqwhuwhpsrudo surw
ixqfwlrq vdwlvhv lqfuhdvlqj glhuhqfhv lq E@|(@
|
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Lqwxlwlyho|/ li up *v vwdwh yduldeoh lqfuhdvhv wkh uhwxuqv wr up *v lqyhvwphqw lq whupv ri
wrgd|*v surwv/ wkhq up *v lqyhvwphqw lqfuhdvhv wkh uhwxuqv wr up *v lqyhvwphqw lq wkh
ixwxuh1 Exw wklv ylrodwhv wkh uhtxluhphqw wkdw dfurvv dq| sdlu ri shulrgv/ wkh lqyhvwphqwv ri
wkh wzr upv duh vwudwhjlf vxevwlwxwhv1 Wkxv/ li upv duh idu0vljkwhg/ dqrwkhu dssurdfk lv
uhtxluhg wr surylgh frqglwlrqv xqghu zklfk odjjlqj upv fdwfk xs wr ohdglqj upv1
7 H{dpsohv
Lq wkh iroorzlqj/ zh dsso| wkh iudphzrun wr vhyhudo vshflf h{dpsohv ri lqyhvwphqw jdphv1
714 Lqfuhphqwdo Lqyhvwphqw Jdphv
Vhyhudo dxwkruv +h1j1 Iodkhuw| 4<;3, kdyh frqvlghuhg lqfuhphqwdo lqyhvwphqw jdphv159 Zh
qrz lqwurgxfh d jhqhudol}hg prgho ri lqfuhphqwdo lqyhvwphqwv/ doorzlqj iru pruh wkdq wzr
upv/ jhqhudo ixqfwlrqdo irupv iru surgxfw pdunhw frpshwlwlrq/ dqg vwrfkdvwlf lqyhvwphqw15:
Zh vkrz wkdw lqfuhdvlqj grplqdqfh krogv txlwh jhqhudoo| lq wklv frqwh{w/ vr orqj dv dq|
frpshwlqj hhfwv iurp dgmxvwphqw frvwv duh qrw wrr odujh/ dqg wkh upv duh qrw wrr sdwlhqw1
Zh lqwhusuhw @| dv dq lqyhvwphqw wkdw wdnhv sodfh sulru wr surgxfw pdunhw frpshwlwlrq/
vxfk dv d frvw0uhgxflqj ru ghpdqg0hqkdqflqj lqyhvwphqw1 Wkh vwdwh yduldeoh t | uhsuhvhqwv
wkh fxpxodwhg frvw uhgxfwlrq iurp vrph frpprq uhihuhqfh ohyho S/ ru hovh wkh txdolw| ohyho1
Khqfh/ wkh surw iurp surgxfw pdunhw frpshwlwlrq fdq eh zulwwhq dv lq +5,1 Li lqyhvwphqwv
duh ghwhuplqlvwlf/ Sursrvlwlrq 43 dssolhv gluhfwo|= vr orqj dv wkh pdujlqdo frvw ri dgmxvwphqw
59Wkh surgxfw olih f|foh prgho ri Nohsshu +4<<9, dovr lqfrusrudwhv lqfuhphqwdo lqyhvwphqwv> krzhyhu/ wkdw
prgho kdv d ulfkhu vwuxfwxuh/ dv upv wdnh wkuhh glhuhqw nlqgv ri lqyhvwphqw ghflvlrqv1
5:Iodkhuw| +4<;3, frqvlghuv pruh wkdq wzr upv/ exw grhv qrw ghulyh jhqhudo uhvxowv derxw zhdn lqfuhdvlqj
grplqdqfh1
56
grhv qrw lqfuhdvh wrr idvw zlwk d up*v rzq vwdwh yduldeoh/ dqg upv duh vx!flhqwo| vkruw0
vljkwhg/ lqfuhdvlqj grplqdqfh vkrxog krog1
Wzr h{wuhph h{dpsohv ri dgmxvwphqw frvwv fdq eh xvhg wr kljkoljkw vfhqdulrv xqghu
zklfk wkh frqglwlrqv rq dgmxvwphqw frvwv duh olnho| wr eh vdwlvhg1 Iluvw/ vxssrvh wkdw
dgmxvwphqw frvwv duh hqwluho| lqghshqghqw ri wkh vwdwh yduldeoh1 Dw wkh rwkhu h{wuhph/ wkhuh
h{lvwv d vwulfwo| lqfuhdvlqj dqg frqyh{ ixqfwlrq 	& vxfk wkdw &E@|c t
|3
  ’
	&Et |3 n @
|
 ’
	& Et | 1 Lq zrugv/ wkh dgmxvwphqw frvwv ghshqg rqo| rq wkh wdujhw ohyho ri wkh vwdwh yduldeoh/





c c t |3U

, li wkh up lqyhvwv lq d udglfdoo| glhuhqw whfkqrorj|/ surgxfw yduldqw
ru rujdql}dwlrqdo irup/ vr wkdw hduolhu h{shuwlvh lv ri olwwoh xvh1 Lq wklv fdvh/ wkh orzhu lv d
up*v vwdwh yduldeoh/ wkh fkhdshu lw lv wr dwwdlq d jlyhq lqfuhdvh lq wkh vwdwh yduldeoh/ @|>
wkxv/ wkh dgmxvwphqw frvw ixqfwlrq fuhdwhv d irufh wkdw frxog srwhqwldoo| xsvhw +ZLG,1
Qrz frqvlghu wkh fdvh ri vwrfkdvwlf lqyhvwphqwv1 D prgho ri lqfuhphqwdo lqyhvwphqw
prwlydwhv vhyhudo dvvxpswlrqv derxw wkh lqyhvwphqw whfkqrorj|1 Iluvw/ dvvxph wkdw wkh glv0
wulexwlrq ri +| ghshqgv rqo| rq up *v lqyhvwphqw1 Ixuwkhu/ dvvxph wkdw kljkhu ohyhov ri
lqyhvwphqw ohdg wr d Iluvw0Rughu Vwrfkdvwlf Grplqdqfh +IRVG, lpsuryhphqw lq wkh glv0
wulexwlrq ri +| / dqg wkdw lqyhvwphqw uhwxuqv duh glvwulexwhg lqghshqghqwo| dfurvv upv1
5;
Irupdoo|/ wkhuh h{lvw pdujlqdo glvwulexwlrq ixqfwlrqv 	ME+| m @
|









 lv qrqlqfuhdvlqj lq @
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Ohppdv ; dqg < surylgh frqglwlrqv xqghu zklfk/ zkhq lqyhvwphqwv duh ghwhuplqlvwlf/ wkh
sd|r ixqfwlrqv vdwlvi| frqglwlrq +ZLG0R,1 Wkh iroorzlqj uhvxow/ suryhg lq wkh Dsshqgl{/
lqglfdwhv wkdw +<, dqg +ZLG0R, duh vx!flhqw wr lpso| wkh ghvluhg frqglwlrqv rq h{shfwhg
surgxfw pdunhw surwv/ +ZLG0S,1 Iru vlpsolflw|/zh uhvwulfw dwwhqwlrq wr wkh fdvh ri p|rslf
upv> li upv duh idu0vljkwhg/ wkh jdph fdq eh dqdo|}hg xvlqj wkh dssurdfk ri Sursrvlwlrq
451
Sursrvlwlrq 46 Lq wkh lqfuhphqwdo lqyhvwphqw prgho zlwk vwrfkdvwlf lqyhvwphqwv/ vxssrvh
wkdw +ZLG0R, dqg +<, krog/ dqg wkdw E.Z@ct  &

@ct
iru doo E@c t Wkhq zhdn lqfuhdvlqj
grplqdqfh krogv iru p|rslf upv1
5;Lq idfw/ lqghshqghqfh lv qrw qhfhvvdu|> vhh Dwkh| +4<<<, dqg Dwkh| dqg Vfkpxw}ohu +4<<8, iru d ghvfuls0
wlrq ri wkh uhvwulfwlrqv wkdw zrxog eh uhtxluhg rq wkh mrlqw glvwulexwlrq ri lqyhvwphqw uhwxuqv wr suhvhuyh rxu
uhvxowv1
57
Rxu uhvxowv derxw lqfuhphqwdo lqyhvwphqw jdphv fdq eh dssolhg wr d ydulhw| ri lqgxvwulhv1
Edjzhoo dqg Udph| +4<<7, dujxh wkdw lq wkh uhwdlo vhfwru/ ohdglqj upv pdgh d ydulhw| ri frvw0
uhgxflqj lqyhvwphqwv dv wkh| jdlqhg lq pdunhw vkduh1 Iru h{dpsoh/ Zdo0Pduw lqyhvwhg lq lwv
rzq glvwulexwlrq v|vwhp/ lqfoxglqj wuxfnv/ zduhkrxvhv/ dqg d vdwhoolwh0edvhg frppxqlfdwlrq
v|vwhp/ dv zhoo dv dgydqfhg lqirupdwlrq whfkqrorj| v|vwhpv wr pdqdjh lwv lqyhqwru|1 Vxwwrq
+4<<4, surylghv d ydulhw| ri rwkhu h{dpsohv1
71414 Pxowl0glphqvlrqdo lqyhvwphqwv
Lq wklv vhfwlrq/ zh vkrz wkdw rxu uhvxowv derxw lqfuhphqwdo lqyhvwphqw jdphv h{whqg wr wkh
fdvh zkhuh upv lqyhvw lq erwk frvw uhgxfwlrq dqg txdolw| lpsuryhphqw1 Uhfdoo wkdw Wkhruhp
8 dssolhv wr jdphv zkhuh wkh upv pdnh pruh wkdq rqh w|sh ri lqyhvwphqw/ surylghg wkhvh
lqyhvwphqwv duh frpsohphqwdu|> wkxv/ Sursrvlwlrqv 9 dqg 44 fdq eh hdvlo| h{whqghg wr wkdw
fdvh1 Lw uhpdlqv wr eh yhulhg wkdw wkh uhohydqw uhvwulfwlrqv duh vdwlvhg lq wkh lqfuhphqwdo
lqyhvwphqw jdphv1
Frvw0uhgxflqj dqg ghpdqg0hqkdqflqj lqyhvwphqwv iru prqrsrolvwv kdyh ehhq vkrzq wr
eh frpsohphqwdu| xqghu idluo| jhqhudo frqglwlrqv>5< qrz/ zh jhqhudol}h wkdw uhvxow wr dq










' Li wkh dgmxvwphqw
frvw ixqfwlrqv duh dgglwlyho| vhsdudeoh iru wkh wzr lqyhvwphqwv dqg &@ct lv vx!flhqwo| vpdoo/









eZEv|  fc +ZLG0R,
wkhq zh fdq dsso| Sursrvlwlrqv 9 dqg 44 wr wklv jdph dv zhoo1 Dq lpsolfdwlrq lv wkdw/ vwduwlqj
iurp v|pphwu|/ li rqh up jdlqv dq lqlwldo dgydqwdjh lq hlwkhu frvw ru txdolw|/ lw zloo uhwdlq
wklv dgydqwdjh/ lqyhvwlqj pruh lq erwk frvw0uhgxfwlrq dqg txdolw| lpsuryhphqw1
Wr ixuwkhu xqghuvwdqg zkhq +ZLG0R, zloo eh vdwlvhg/ revhuyh wkdw zh fdq h{whqg
Ohppd ; wr doorz iru erwk frvw0uhgxflqj dqg txdolw|0lpsurylqj lqyhvwphqwv1 Lq sduwlfxodu/ lw
lv vwudljkwiruzdug wr vkrz wkdw frqglwlrq +ZLG0R, krogv surylghg ghpdqg dqg pdun0xs fdq























5<Vhh Edjzhoo dqg Udph| +4<<7, dqg Dwkh| dqg Vfkpxw}ohu +4<<8,1 Wkh gulylqj irufh ehklqg wklv uhvxow
lv d vfdoh hhfw= d orz0frvw up zloo kdyh kljkhu shu0xqlw surw dqg khqfh ydoxhv dq lqfuhdvh lq ghpdqg pruh
wkdq d kljk0frvw up1
58
dqg ixuwkhu/ Y(*Yt |# : f/ Y6
*Yt |# : f/ Y(
*Yt |# 	 f dqg Y6
*Yt |# 	 f iru # ’ c’1
Wkhvh frqglwlrqv duh vdwlvhg lq prghov +d, dqg +e, ri Ohppd <1
Zkhq upv duh p|rslf/ zh fdq ixuwkhu h{whqg wkh prgho wr doorz iru vwrfkdvwlf lqyhvw0
phqw uhwxuqv/ dv lq Dwkh| dqg Vfkpxw}ohu +4<<8,1 Iru h{dpsoh/ vxssrvh wkdw +l, +<, krogv
iru hdfk w|sh ri lqyhvwphqw/ +ll, wkh uhwxuqv wr ghpdqg0hqkdqflqj lqqrydwlrq duh glvwulexwhg
lqghshqghqwo| ri wkh uhwxuqv wr frvw0uhgxflqj lqqrydwlrq/63 dqg +lll, lqyhvwphqwv lq frvw0
uhgxfwlrq gr qrw dhfw wkh glvwulexwlrq ri txdolw| lpsuryhphqwv +dqg ylfh yhuvd,1 Wkhq/
ohdglqj upv zloo lqyhvw pruh lq erwk frvw0uhgxflqj dqg ghpdqg0hqkdqflqj lqqrydwlrq1
715 Sdwhqw udfh prghov
Lq wklv vhfwlrq/ zh dsso| rxu iudphzrun wr prghov ri sdwhqw udfhv1 Dowkrxjk rxu uhvxowv
duh dpeljxrxv/ wkh| fdq eh xvhg wr rujdql}h wkh frpshwlqj hhfwv wkdw dulvh lq wkh h{lvwlqj
olwhudwxuh +Uhlqjdqxp 4<;8/ Ylfnhuv 4<;9/ Ehdwk hw do1 4<;:,1 Vxssrvh @| lv U)G lqyhvwphqw1
Dv lq wkh fdvh ri lqfuhphqwdo lqyhvwphqw/ t | lv wkh fxpxodwhg frvw uhgxfwlrq iurp vrph
frpprq uhihuhqfh ohyho S ru wkh txdolw| ohyho1 Krzhyhu/ zh prgli| rxu dvvxpswlrqv derxw
wkh lqyhvwphqw whfkqrorj|1 Lq hdfk shulrg wkh upv lqyhvw lq U)G lq dq dwwhpsw wr dwwdlq
d sdwhqw1 Li up  uhfhlyhv wkh sdwhqw/ lw zloo dfklhyh dq h{rjhqrxvo| {hg ohyho ri wkh






64 Lq hdfk shulrg/ rqh up zloo uhfhlyh wkh sdwhqw> iru wkh rwkhu upv/ wkh
vwdwhv uhpdlq wkh vdph +t | ’ t
|3
 ,1 Wkh suredelolw| wkdw up  rewdlqv d sdwhqw lv 
 E@|/
zkhuh Y *Y@| : f dqg Y
*Y@|& 	 f iru & 9’ 1
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63Pruh jhqhudoo|/ li wkh lqyhvwphqwv duh fruuhodwhg/ wkh lqyhvwphqwv pxvw vdwlvi| d frqglwlrq irxqg lq Dwkh|
dqg Vfkpxw}ohu +4<<8,1
64Dv lq pdq| ri wkh sdwhqw udfh sdshuv/ zh wkhuhiruh dvvxph wkdw wkh ohyho ri wkh vwdwh wkdw fdq eh dfklhyhg
dv d uhvxow ri d sdwhqw lv jlyhq h{rjhqrxvo| lq hdfk shulrg1
65Lw lv srvvleoh wr pds wkhvh dvvxpswlrqv lqwr frqglwlrqv rq wkh mrlqw glvwulexwlrq ixqfwlrq K+|wmdw>\w4,>
exw wkh qrwdwlrq lq whupv ri S lv pruh lqwxlwlyh iru wklv sureohp1 Pruh jhqhudoo|/ zh pljkw dovr frqvlghu
udfhv zkhuh pruh wkdq rqh up fdq rewdlq d sdwhqw dqg wkh vl}h ri wkh sul}h pd| qrw eh {hg +ehfdxvh upv
fdq sxuvxh glhuhqw U)G0surmhfwv,1
59






& ’ f1 Ri frxuvh/ li zh dvvxph lqvwhdg +lq wkh vslulw ri Urjhuvrq +4<;5,, wkdw
ohdghuv kdyh d orzhu pdujlqdo frvw ri U)G/ wkh fdvh iru zhdn lqfuhdvlqj grplqdqfh zrxog
eh vwuhqjwkhqhg1







keZt v|3 n i& t |  t |3& l YY@| & @|  fc
dv uhtxluhg e| +ZLG0S,166 Lqwxlwlyho|/ wkh orzhu wkh ohyho ri wkh rssrqhqw*v vwdwh yduldeoh/
wkh odujhu lv wkh lqfuhphqwdo hhfw ri d sdwhqw/ dqg wkxv wkh juhdwhu wkh surw lqfuhdvh
wr wkh up iurp wdnlqj wkh sdwhqw dzd| iurp wkh rssrqhqw1 Qh{w/ frqvlghu zkhwkhu up
lqyhvwphqwv duh vwudwhjlf vxevwlwxwhv1 Vxssrvh wkdw surwv duh forvh wr }hur li wkh up grhv





  E@| lv vx!flhqwo| qhjdwlyh1 Lq zrugv/
wkh suredelolw| wkdw up  dwwdlqv d sdwhqw lv ohvv vhqvlwlyh wr up *v lqyhvwphqw zkhq up
 lqyhvwv pruh1 Krzhyhu/ hyhq xqghu wklv dvvxpswlrq/ +ZLG0S, idlov lq jhqhudo/ vlqfh upv
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Wkh lqwxlwlrq lv vlpsoh= wkh ehwwhu d up douhdg| lv/ wkh vpdoohu wkh lqfuhdvh ri wkh vwdwh
wkdw lw uhfhlyhv dv d frqvhtxhqfh ri d vxffhvvixo sdwhqw/ dqg khqfh wkh vpdoohu wkh uhvxowlqj
surw lqfuhdvh1
Lq frqfoxvlrq/ zh fdqqrw pdnh dq xqdpeljxrxv fdvh iru hlwkhu lqfuhdvlqj ru ghfuhdvlqj
grplqdqfh/ vlqfh wkh rzq0vwdwh hhfw zrunv djdlqvw wkh rssrqhqw0vwdwh hhfw1 Krzhyhu/ lw
fdq eh vkrzq wkdw lqfuhdvlqj grplqdqfh vwloo krogv li wkh qhjdwlyh hhfw ri d frpshwlwru*v
kljkhu vwdwh rq lqyhvwphqw lqfhqwlyhv lv vxevwdqwldo uhodwlyh wr wkh qhjdwlyh hhfw ri d up*v
rzq vwdwh rq lqyhvwphqw lqfhqwlyhv1 Wr vhh wklv/ vxssrvh wkdw lqfuhdvlqj grplqdqfh lv ylr0
odwhg1 Zlwkrxw orvv ri jhqhudolw|/ vxssrvh wkdw wkh ylrodwlrq frqfhuqv upv 4 dqg 51 Wkhq/
wkhuh pxvw h{lvw tM : tu dqg @M : @u vxfk wkdw lq htxloleulxp/ t ’ tM / t2 ’ tu/ @ ’ @u/
dqg @2 ’ @M  Vxssrvh wkdw dgmxvwphqw frvwv duh vx!flhqwo| frqyh{ lq dfwlrqv vxfk wkdw hdfk

























up*v remhfwlyh ixqfwlrq lv joredoo| frqfdyh lq wkh lqyhvwphqw/ dqg lqyhvwphqw fkrlfhv duh
lqwhulru1 Krog {hg wkh dfwlrqv dqg vwdwhv ri upv 6 dqg kljkhu dw @W32Et c dqg vxssuhvv
wkhvh lq wkh qrwdwlrq Wkhq/ wkh uvw0rughu frqglwlrqv iru sod|huv 4 dqg 5 dqg h{fkdqjhdelolw|
lpso| wkdw
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Wkhq/ li @c@2 lv qrw wrr qhjdwlyh/ dgmxvwphqw frvwv duh vx!flhqwo| kljk vxfk wkdw E@M 






c +43, idlov dqg zhdn
lqfuhdvlqj grplqdqfh krogv1 Lq zrugv/ zhdn lqfuhdvlqj grplqdqfh iroorzv li wkh lqyhvwphqwv
duh qrw vwurqj vwudwhjlf vxevwlwxwhv/ dqg wkh ghfuhdvh lq wkh pdujlqdo uhwxuq wr lqyhvwphqw
iurp d kljkhu ohyho ri d up*v rzq vwdwh lv vpdoo uhodwlyh wr wkh lqfuhdvh lq wkh pdujlqdo
uhwxuq wr lqyhvwphqw iurp d kljkhu ohyho ri rssrqhqw vwdwhv167
Qrwh/ krzhyhu/ wkdw hyhq li zhdn lqfuhdvlqj grplqdqfh krogv/ ohdsiurjjlqj lv srvvleoh1 E|
vkhhu oxfn/ d odjjdug pljkw ryhuwdnh wkh ohdghu hyhq wkrxjk kh lqyhvwv ohvv1 Li wklv kdsshqv/
kh zloo kdyh kljkhu lqyhvwphqw lqfhqwlyhv rqfh kh wdnhv wkh ohdg1
71514 D Srwhqwldo H{whqvlrq= Lqfuhphqwdo yhuvxv Udglfdo Lqqrydwlrq
Qrz frqvlghu zkhwkhu zhdn lqfuhdvlqj grplqdqfh fdq eh h{shfwhg lq d prgho zkhuh upv
fdq fkrrvh wr lqyhvw lq erwk lqfuhphqwdo lpsuryhphqwv dqg pruh udglfdo lqqrydwlrq1 Iru
67H{lvwlqj olwhudwxuh rq sdwhqw udfhv kdv wdnhq qrwlfh ri wkh idfw wkdw surgxfw pdunhw frpshwlwlrq pljkw
pdwwhu iru zkhwkhu ru qrw lqfuhdvlqj grplqdqfh dulvhv1 Iru lqvwdqfh/ lq Ylfnhuv +4<;9,/ zhdn lqfuhdvlqj
grplqdqfh dulvhv iru Ehuwudqg frpshwlwlrq/ exw qrw iru Frxuqrw frpshwlwlrq1 Krzhyhu/ wkh frqglwlrqv
lghqwlhg khuh kdyh wr rxu nqrzohgjh qrw ehhq ghulyhg hovhzkhuh1
5;
h{dpsoh/ vxssrvh wkdw wkh vwdwh yduldeoh iru hdfk up lv rqh0glphqvlrqdo +l1h1 wkh fxuuhqw
ohyho ri frvw uhgxfwlrq,/ exw wkdw upv fdq fkrrvh wzr dfwlrq yduldeohv/ ghqrwhg E@c @  c
zkhuh @ dv dq lqfuhphqwdo lqyhvwphqw/ dqg ri @ dv d udglfdo lqyhvwphqw zklfk fdq sr0
whqwldoo| ohdg wr d pdmru mxps lq wkh vwdwh yduldeoh Wkhvh dfwlrq yduldeohv erwk lqfuhdvh wkh
vwdwh yduldeoh= + ’ + E@c @  zlwk Y+*Y@ : f dqg Y+*Y@ : f1
68 Ixuwkhu/ dvvxph wkdw
wkhvh yduldeohv duh vxevwlwxwhv lq lpsurylqj wkh vwdwh= Y2+*Y@Y@ 	 fc dv zrxog eh wuxh li
lpsohphqwlqj wkh udglfdo lqyhvwphqw pdnhv lqfuhphqwdo frvw lpsuryhphqwv revrohwh169 Dv0
vxplqj wkdw lqyhvwphqwv wdnh sodfh ehiruh frpshwlwlrq/ surgxfw pdunhw surwv duh wkhuhiruh
jlyhq e| eZ Ev n ) E@c @ 1
Lq wkh rqh0glphqvlrqdo fdvh zh vdz wkdw zhdn lqfuhdvlqj grplqdqfh lv olnho| iru lqfuh0
phqwdo lqyhvwphqwv li ZLG0R krogv iru eZ/ exw ohvv olnho| iru udglfdo lqyhvwphqwv1 Wkxv/ d
qdwxudo frqmhfwxuh lv wkdw ohdglqj upv lqyhvw pruh lq lqfuhphqwdo lqyhvwphqw/ zkloh odjjlqj
upv lqyhvw pruh lq udglfdo lqqrydwlrq1 Zkloh wklv ehkdylru pljkw rewdlq/ lw qhhg qrw lq
jhqhudo1 Wr vhh wklv/ revhuyh wkdw ghulylqj vxfk d uhvxow iurp Wkhruhp 8 zrxog uhtxluh wkh
iroorzlqj frqglwlrqv1
E@ @ c@  f( EK 

@ c@
 f dqg @ c@  f( +44,
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 @ ct  f dqg 

@ ct




Wkh vhfrqg frqglwlrq lq +e, zloo idlo lq jhqhudo1 Wr vhh zk|/ revhuyh wkdw e| wkh ghqlwlrq
ri + E@c @ / @ lqfuhdvhv +c dqg @ lqfuhdvhv +/ exw 

tct
 f li ZLG0R krogv1 Wkxv/
doo rssrqhqw dfwlrqv lqwhudfw zlwk d up*v rzq dfwlrqv lq txdolwdwlyho| vlplodu zd|v1 Lqwx0
lwlyho|/ li lqyhvwphqw suhfhghv surgxfw pdunhw frpshwlwlrq/ wkhq doo rssrqhqw lqyhvwphqwv
lqwhudfw zlwk rzq lqyhvwphqwv lq wkh vdph zd|1 Wkxv/ dq lqfuhdvh lq up *v lqyhvwphqw lq
lqfuhphqwdo lqqrydwlrq ghfuhdvhv wkh uhwxuqv wr erwk lqfuhphqwdo dqg udglfdo lqqrydwlrq iru
up 16:
68Pruh jhqhudoo|/ zh frxog frqvlghu frpelqlqj wkh prgho ri lqfuhphqwdo lqyhvwphqw zlwk d sdwhqw udfh
prgho/ dv ghvfulehg deryh1
69Zh ljqruh frpsolfdwlrqv dulvlqj ehfdxvh ri vwrfkdvwlf U)G khuh1
6:Lq d uhodwhg sdshu/ Fdeudo +4<<<, dqdo|}hv d prgho zkhuh upv fdq fkrrvh ehwzhhq wzr glhuhqw w|shv
ri lqqrydwlyh lqyhvwphqwv1 Lq wklv prgho/ li wkh upv pdnh lghqwlfdo fkrlfhv derxw lqyhvwphqw/ wkh rxwfrphv
duh shuihfwo| fruuhodwhg/ zkloh rwkhuzlvh wkh| duh lqghshqghqw1 Lq wklv vhwwlqj/ lw wxuqv rxw wkdw ohdghuv zdqw
wr lplwdwh odjjdugv/ zkhuhdv odjjdugv zdqw wr glhuhqwldwh wkhpvhoyhv iurp ohdghuv1
5<
716 Ohduqlqj0e|0grlqj
Lq ohduqlqj0e|0grlqj prghov +h1j1 Fdeudo dqg Ulrugdq +4<<7,/ Vxwwrq +4<<;/ fk1 47,,/ frvwv
duh prqrwrqh ghfuhdvlqj ixqfwlrqv ri suhylrxv rxwsxw ohyhov1 Lw lv zhoo xqghuvwrrg wkdw wklv
irufh zrunv wrzdugv lqfuhdvlqj grplqdqfh/ dowkrxjk frxqwhuydlolqj hhfwv dulvh rqfh ohdglqj
upv kdyh h{kdxvwhg prvw ri wkh rssruwxqlwlhv iru ohduqlqj1 Lq wkh iroorzlqj/ zh vkdoo dsso|
rxu dssurdfk wr vkrz krz wkh qdwxuh ri surgxfw pdunhw frpshwlwlrq lq xhqfhv zklfk irufh
grplqdwhv16;
Ghqrwh wkh rxwsxw ohyho dv @|1 t
|
 lv wkh fxpxodwhg frvw uhgxfwlrq iurp vrph frpprq
uhihuhqfh ohyho S1 Khqfh/ zh zulwh







zkhuh o lv d vwulfwo| lqfuhdvlqj dqg frqfdyh ixqfwlrq1 Lq wklv fdvh/ li lqyhvwphqw uhwxuqv duh
ghwhuplqlvwlf/ zh ohw Z E@|cv|3 uhsuhvhqw wkh surgxfw pdunhw surw ri d up  zkhq lwv
fxpxodwhg frvw uhgxfwlrq lv jlyhq e| t |3 dqg wkh rxwsxw ohyho e| @
|
1 Ixuwkhu/ wkh vwdwh
yduldeoh ghyhorsv dffruglqj wr
t | ’ o
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 	 f1 Ilqdoo|/ zh vhw &
  f/ dv doo frvwv dqg ehqhwv
ri lqfuhdvlqj rxwsxw duh eruqh wkurxjk wkh surgxfw pdunhw surw1
Frqvlghu wkh h{dpsoh ri Frxuqrw frpshwlwlrq zlwk lqyhuvh pdunhw ghpdqg ixqfwlrq RE/








@1 Zh qrz dujxh wkdw +ZLG0R, krogv iru wklv
prgho1 Iluvw/ lw lv vwdqgdug wr dvvxph wkdw @c@ 	 f lq d Frxuqrw prgho/ lq rughu wr
jxdudqwhh h{lvwhqfh ri htxloleulxp +vhh Qryvkhn 4<;8,1 Ixuwkhu/ @ct ’  : fc gxh wr vfdoh
hhfwv= dq lqfuhdvh lq rxwsxw lv pruh ydoxdeoh iru d orz frvw up1 Ilqdoo|/ @ct ’ f1 Khqfh/
6;Lw lv vlpsoh wr uhlqwhusuhw wkh iroorzlqj dv d prgho ri qhwzrun ru vwdqgdugl}dwlrq hhfwv dorqj wkh olqhv
ri Iduuhoo dqg Vdorqhu +4<;9,/ Ndw} dqg Vkdslur +4<;9,/ zkhuh upv wkdw pdqdjh wr dftxluh pdq| fxvwrphuv
lq dq hduo| skdvh ri wkh pdunhw ehqhw li fxvwrphuv* zloolqjqhvv wr sd| jurzv zlwk wkh qxpehu ri rwkhu
fxvwrphuv dgkhulqj wr wkh vdph vwdqgdug ru xvlqj wkh vdph qhwzrun1 Khuh \ wl lv d phdvxuh ri shufhlyhg
txdolw| udwkhu wkdq wrwdo frvw uhgxfwlrq1
63
zkhq upv duh p|rslf/ ohdglqj upv zloo dozd|v kdyh vwurqjhu lqfhqwlyhv wr lqfuhdvh rxwsxw
dqg wkxv lqfuhdvh wkhlu vwdwh yduldeoh1 Wkdw lv/ zhdn lqfuhdvlqj grplqdqfh krogv zlwkrxw
dgglwlrqdo dvvxpswlrqv/ surylghg wkh Frxuqrw jdph kdv d xqltxh htxloleulxp1
Iru iruzdug0orrnlqj upv/ krzhyhu/ wkh qdwxuh ri surgxfw pdunhw frpshwlwlrq sod|v d
ghflvlyh uroh lq ghwhuplqlqj zkhwkhu lqfuhdvlqj grplqdqfh dulvhv1 Iru vlpsolflw|/ frqvlghu d









n hZ t f n + Et f c @ 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 c
zkhuh hZEv lv wkh Frxuqrw surw iru frvw vwuxfwxuh Ev1 Dsso|lqj Wkhruhp 8/ zhdn






































































Zh kdyh douhdg| vkrzq wkdw wkh pl{hg ghulydwlyhv ri Z kdyh wkh fruuhfw vljq xqghu
yhu| jhqhudo frqglwlrqv1 Dv wr wkh uhpdlqlqj whupv/ wkhuh duh wzr frxqwhuydlolqj hhfwv1 Dv






+ lv qhjdwlyh/ uh hfwlqj wkh vorz0grzq lq ohduqlqj iru d ehwwhu up1 Wklv
frpshwlqj hhfw zrunv djdlqvw wkh surgxfw pdunhw hhfw lq wkh uvw h{suhvvlrq1 Iru zhdn
lqfuhdvlqj grplqdqfh wr dulvh zlwk iruzdug0orrnlqj upv/ lw lv wkhuhiruh lpsruwdqw wkdw wkh
surgxfw pdunhw hhfwv grplqdwh1
Ri frxuvh/ prvw dssolfdwlrqv zloo frpelqh vrph hohphqwv ri ohduqlqj0e|0grlqj/ lqfuh0
phqwdo lqyhvwphqw/ dqg lqyhvwphqwv lq pruh udglfdo lqqrydwlrqv vlplodu wr wkh sdwhqw0udfh
prghov1 Iru h{dpsoh/ lw kdv ehhq zlgho| dvvhuwhg wkdw lq wkh pdunhw iru phpru| fklsv/
ohduqlqj0e|0grlqj hhfwv sod| dq lpsruwdqw uroh1 Krzhyhu/ lqfuhdvlqj grplqdqfh rqo| dulvhv
lq vrph sduwv ri wklv pdunhw1 Iru h{dpsoh/ wkh pdunhw iru GUDP fklsv grhv qrw h{klelw lq0
fuhdvlqj grplqdqfh +Juxehu/ 4<<7,1 Zlwklq hdfk surgxfw jhqhudwlrq +7N/ 49N/ 97N/ 589N/
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4PE fklsv,/ frqfhqwudwlrq ohyhov glg qrw lqfuhdvh +dw ohdvw/ qrw vxevwdqwldoo|,> dqg dfurvv
hdfk surgxfw jhqhudwlrq/ ohdghuvkls sdwwhuqv riwhq fkdqjhg1 Wkh odwwhu qglqj lv qrw vxu0
sulvlqj/ jlyhq wkdw dfurvv jhqhudwlrqv/ ohduqlqj0e| grlqj hhfwv duh pxfk ohvv vljqlfdqw1
G|qdplf frpshwlwlrq dfurvv jhqhudwlrqv lv pruh dnlq wr sdwhqw frpshwlwlrq/ zkhuh odjjdugv
srwhqwldoo| kdyh kljkhu lqyhvwphqw lqfhqwlyhv1 Lq frqwudvw/ wkh HSURP pdunhw vkrzv vwdeoh
ohdghuvkls sdwwhuqv/ hyhq dfurvv surgxfw jhqhudwlrqv> Juxehu +4<<7, dujxhv wkdw ohduqlqj0e|
grlqj hhfwv whqg qrw wr eh h{kdxvwhg zlwklq rqh surgxfw jhqhudwlrq lq wklv pdunhw1
717 Vwudwhjlf Wudgh Srolf|
Rxu prgho fdq dovr eh dssolhg wr dqdo|}h vwudwhjlf wudgh srolf|1 Rqh vhw ri txhvwlrqv frqfhuqv
wkh frqvhtxhqfhv ri U)G vxevlglhv e| jryhuqphqwv +Vshqfhu dqg Eudqghu/ 4<;6,1 Lq d
vhwwlqj zlwk rqh krph up dqg rqh iruhljq up/ d jryhuqphqw wkdw vxevlgl}hv U)G/ wkhuhe|
lqfuhdvlqj lwv rzq up*v lqqrydwlrq lqfhqwlyhv/ zloo dw wkh vdph wlph uhgxfh wkh iruhljq up*v
lqqrydwlrq lqfhqwlyhv/ wr wkh dgydqwdjh ri wkh krph frxqwu|/ vlqfh U)G lqyhvwphqwv duh
w|slfdoo| vwudwhjlf vxevwlwxwhv +Edjzhoo dqg Vwdljhu/ 4<<7,1 Vxfk dq dujxphqw fdq eh xvhg
wr vxssruw whpsrudu| U)G vxevlglhv/ vxevlglhv wkdw duh suhvxpdeo| ghvludeoh rqo| li wkh|
ohdg wr odvwlqj lqfuhdvhv lq wkh krph up*v pdunhw vkduh1 Krzhyhu/ iroorzlqj wkh orjlf ri wklv
sdshu/ li lqfuhdvlqj grplqdqfh sod|v d uroh/ whpsrudu| vxevlglhv pd| qrw vhuyh wkh orqj0whup
jrdo xqohvv wkh krph up dfwxdoo| vxusdvvhv wkh iruhljq up1
Pruh jhqhudoo|/ zh fdq xvh wkh uhvxowv lq wklv sdshu wr irupdoo| dqdo|}h wkh g|qdplf
hyroxwlrq ri rwkhu wudgh srolflhv/ vxfk dv h{sruw vxevlglhv/ hyhq lq wkh devhqfh ri lqqrydwlrq1
Udwkhu wkdq dsso| rxu iudphzrun wr surgxfw pdunhw frpshwlwlrq ehwzhhq wkh upv/ zh
lqvwhdg dqdo|}h wkh jdph ehwzhhq wkh jryhuqphqwv ri wzr frxqwulhv/ zkhuh wkh jryhuqphqwv
fkrrvh wr vxevlgl}h wkhlu h{sruw lqgxvwulhv +dqg wkhvh fkrlfhv pljkw hyroyh ryhu wlph,1 Iru
vlpsolflw| zh frqvlghu wkh vlpsoh fdvh +uvw dqdo|}hg e| Eudqghu dqg Vshqfhu +4<;8,, zkhuh
wkh upv/ diwhu uhfhlylqj wkhlu vxevlglhv/ sod| d Frxuqrw jdph> pruh jhqhudoo|/ zh pljkw
lqfrusrudwh ohduqlqj0e|0grlqj1 Rxu jrdo lv wr xvh Wkhruhp 8 wr dqdo|}h frqglwlrqv xqghu
zklfk d ohdglqj frxqwu| vhhv d juhdwhu uhwxuq wr xvlqj vxevlglhv wkdq d odjjlqj frxqwu|1 Lq
wkdw fdvh/ odjjlqj frxqwulhv pd| eh ehwwhu r li h{sruw vxevlglhv duh surklelwhg1
Irupdoo|/ vxssrvh wzr upv iurp frxqwulhv  ’ c 2 vhuyh d wklug frxqwu|*v pdunhw1 Ilupv
duh Frxuqrw frpshwlwruv/ dqg ghpdqg lv olqhdu= ^ ’ k R1 Hdfk up fkrrvhv rxwsxw ohyhov
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^ vr dv wr pd{lpl}h up surwv soxv 5^/ zkhuh 5 lv wkh shu0xqlw h{sruw vxevlg| fkrvhq e|
frxqwu| 1 Frxqwulhv fkrrvh vxevlglhv vr dv wr pd{lpl}h wkhlu up*v surwv lq wkh hqvxlqj
roljrsro| jdph1 Vlpsoh ghulydwlrqv +vhh/ iru h{dpsoh/ Ihuvkwpdq dqg Mxgg +4<;:/ s1 <63,,
vkrz wkdw/ zkhq hdfk up *v frqvwdqw pdujlqdo frvw lv ghqrwhg Sc
 E5c 5 ’
Ekn S* E n 5 n S* E n 5 S Ek 2S* E n 5 n S* E n 5
bK

Khqfh/ vxevlglhv duh vwudwhjlf vxevwlwxwhv/ dqg wkh lqfhqwlyh wr vxevlgl}h lv kljkhu zkhq wkh
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Wkh vljq ri wkh odvw h{suhvvlrq ghshqgv rq sdudphwhu ydoxhv1 Iru dssur{lpdwho| lghqwlfdo
vxevlglhv/ wkh vljq lv qhjdwlyh li dqg rqo| li Ek 2S E n 5 n S n HS 	 f/ zklfk krogv li
frvwv gr qrw glhu wrr pxfk iurp hdfk rwkhu dqg iurp k1 Dsso|lqj wkh orjlf ri Wkhruhp
8 ohdgv xv wr frqfoxgh wkdw zkhq frxqwulhv duh qrw yhu| glhuhqw/ wkh ohdglqj frxqwu| kdv
d odujhu lqfhqwlyh wr vxevlgl}h h{sruwv/ xqghuplqlqj wkh vwdqgdug lqidqw lqgxvwu| surwhfwlrq
dujxphqw1 Rqh zrxog wkhuhiruh h{shfw d ohdglqj frxqwu| wr h{sdqg lwv ohdg lq wkh hduo| vwdjhv
ri vxfk d vwudwhjlf vxevlg| jdph1 Zkhq upv duh yhu| glhuhqw/ krzhyhu/ Wkhruhp 8 fdqqrw
eh dssolhg> hlwkhu ohdglqj ru odjjlqj frxqwulhv pljkw kdyh kljkhu lqyhvwphqw lqfhqwlyhv/
ghshqglqj rq wkh sdudphwhuv1 Iru h{dpsoh/ li wkh frvw ri wkh ohdglqj up lv yhu| orz/ lw zloo
kdyh olwwoh lqfhqwlyh wr vxevlgl}h1
8 Frqfoxvlrqv
Wklv sdshu dqdo|}hv roljrsrolvwlf upv wkdw fdq hqjdjh lq ghpdqg0hqkdqflqj ru frvw0uhgxflqj
dfwlylwlhv/ surylglqj frqglwlrqv xqghu zklfk d up lv olnho| wr lqfuhdvh dq lqlwldo dgydqwdjh
ryhu frpshwlwruv1 Wkh pdlq irufhv wkdw pljkw ohdg wr vxfk d ghyhorsphqw duh vfdoh hhfwv
uhvxowlqj iurp surgxfw pdunhw frpshwlwlrq1 Zkhwkhu wkhuh duh vwurqj frxqwhuydlolqj hhfwv
ghshqgv rq wkh qdwxuh ri wkh lqyhvwphqw surfhvv1 Zkhq lqyhvwphqw lv mxvw d e|0surgxfw ri
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odujh rxwsxw/ vxfk dv lq ohduqlqj0e|0grlqj ru qhwzrun prghov/ wkh surgxfw0pdunhw hhfwv duh
uhlqirufhg e| wkh lqyhvwphqw surfhvv1 Zkhq upv fdq lpsuryh wkhlu vwdwhv yld lqfuhphqwdo
lqyhvwphqw/ frxqwhuydlolqj irufhv dulvh li odjjlqj upv qg lw vrphzkdw ohvv frvwo| wkdq
ohdglqj upv wr lpsuryh wkhlu vwdwhv1 Zkhq lqyhvwphqw lv ri wkh sdwhqw udfh w|sh/ wkhuh
lv d v|vwhpdwlf hhfw zrunlqj djdlqvw lqfuhdvlqj grplqdqfh/ zklfk zloo riwhq grplqdwh wkh
surgxfw pdunhw hhfw1 Ilqdoo|/ frpshwlqj hhfwv fdq dulvh zkhq upv duh vx!flhqwo| idu0
vljkwhg1
Pruh jhqhudoo|/ rxu uhvxow derxw jdphv zlwk vwudwhjlf vxevwlwxwhv uhsuhvhqw d frqwulexwlrq
wr wkh olwhudwxuh wkdw xvhv odwwlfh0wkhruhwlf wrrov wr dqdo|}h vwudwhjlf ehkdylru1 Wkh uhvxow
frxog eh dssolhg wr d ydulhw| ri rwkhu jdphv zlwk vwudwhjlf vxevwlwxwhv1 Lq wkh suhvhqw
frqwh{w/ zh kdyh dujxhg wkdw prvw ri wkh frpprqo| vwxglhg roljrsro| prghov kdyh irufhv
wkdw idyru vwudwhjlf vxevwlwxwdelolw|1 Wkxv/ rxu dssurdfk/ zklfk grhv qrw uho| rq vshflf
ixqfwlrqdo irup dvvxpswlrqv/ fdq eh xvhg wr h{whqg wkh h{lvwlqj olwhudwxuh1 Iru h{dpsoh/ lw
lv frpprqo| dvvxphg lq U0sod|hu roljrsro| jdphv wkdw rqh up fduhv rqo| derxw wkh vxp ri
rssrqhqw fkrlfhv1 Wklv uhvwulfwlrq lv lpsrvhg lq rughu wr hhfwlyho| uhgxfh dq U0sod|hu jdph
wr d wzr0sod|hu jdph1 Lq wklv sdshu/ zh kdyh vkrzq wkdw d pxfk pruh jhqhudo dvvxpswlrq
vx!fhv1 Qdpho|/ zh uhtxluh h{fkdqjhdelolw| ri wkh up surw ixqfwlrqv1 Zh vkrz wkdw wklv
dvvxpswlrq lv vx!flhqw wr jhqhudwh pdq| lqwhuhvwlqj hpslulfdo suhglfwlrqv dqg frpsdudwlyh
vwdwlfv uhvxowv1 Krzhyhu/ rxu dssurdfk vwloo kdv olplwdwlrqv lq g|qdplf jdphv/ xqohvv wkh
upv frpplw lq dgydqfh wr lqyhvwphqw sodqv dqg gr qrw dgmxvw wkhp lq uhvsrqvh wr fkdqjhv
lq rssrqhqw lqyhvwphqwv1
Zh h{shfw wkdw wkh whfkqltxhv ghyhorshg lq wklv sdshu fdq eh iuxlwixoo| dssolhg lq d
ydulhw| ri rwkhu sureohpv lq lqgxvwuldo rujdql}dwlrq1 Vhfwlrq 717 lv vxjjhvwlyh ri dssolfdwlrqv
wr ghohjdwlrq jdphv1 Lq dq h{dpsoh ri dq dssolfdwlrq rxwvlgh ri wkh roljrsro| frqwh{w/ wkh
sod|huv frxog eh zrunhuv lq d up hqjdjhg lq uhshdwhg wrxuqdphqwv iru surprwlrqv/ zkhuh
kxpdq fdslwdo lqyhvwphqwv duh srvvleoh lq hdfk shulrg1 Wkh phwkrgv ri wklv sdshu frxog eh
dssolhg wr xqghuvwdqg xqghu zklfk flufxpvwdqfhv +h1j1 surprwlrq srolflhv, zrunhuv zkr jhw
dkhdg ri rwkhuv lq hduo| shulrgv ri wkh jdph duh olnho| wr lqfuhdvh wkhlu ohdg1
Lq frqfoxvlrq/ zh revhuyh wkdw rxu uhvxowv surylgh d ohqv wkurxjk zklfk wr dqdo|}h vhyhudo
sxeolf srolf| txhvwlrqv1 Lq sduwlfxodu/ vhyhudo dqwl0wuxvw srolflhv wkdw pljkw vhuyh wr olplw
lqfuhdvlqj frqfhqwudwlrq/ vxfk dv surklelwlrqv djdlqvw suhgdwru| sulflqj dqg phujhuv/ fdq
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kdyh dpeljxrxv zhoiduh hhfwv1 Hyhq li lw fdq eh hvwdeolvkhg wkdw d sduwlfxodu srolf| zrunv
iru ru djdlqvw lqfuhdvlqj grplqdqfh/ riwhq wkh lqyhvwphqw uhtxluhg iru d up wr dfklhyh
pdunhw grplqdqfh duh ehqhfldo wr frqvxphuv1
Frqvlghu uvw wkh fdvh ri phujhuv1 Hyhq li dq lqgxvwu| lv fkdudfwhul}hg e| lqfuhdvlqj
grplqdqfh/ vrph v|pphwu|0lqfuhdvlqj phujhuv +vxfk dv phujhuv dprqj odjjlqj upv, pd|
vorz wkh hyroxwlrq ri pdunhw grplqdqfh1 Krzhyhu/ hyhq phujhuv dprqj ohdglqj upv kdyh
vrph zhoiduh ehqhwv= iru h{dpsoh/ lq dq lqfuhphqwdo lqyhvwphqw jdph/ lqfuhdvhv lq pdunhw
vkduh duh wkh gluhfw uhvxow ri odujhu lpsuryhphqwv lq frvw ru txdolw|1
Vlplodu orjlf dssolhv wr suhgdwru| sulflqj1 Eurdgo| vshdnlqj/ suhgdwru| sulflqj rffxuv
zkhq upv vhw orz sulfhv lq rughu wr lqgxfh pdunhw h{lw/ uhgxfh d frpshwlwru*v rxwsxw/ ru
suhyhqw hqwu|1 Wkh uxoh ri Duhhgd0Wxuqhu +4<:8, frqvlghuv dq| sulfhv ehorz pdujlqdo frvwv dv
suhgdwru|1 Lq frqwudvw/ Edxpro +4<:<, sursrvhv d uxoh zkhuhe| d up wkdw lqfuhdvhv lwv sulfh
diwhu wkh h{lw ri d frpshwlwru lv jxlow| ri suhgdwru| sulflqj1 Rxu dssurdfk lv frqvlvwhqw zlwk
d ylhz vxjjhvwhg hovhzkhuh +Edjzhoo hw do1 4<<:/ Fdeudo dqg Ulrugdq 4<<7,= wkh Edxpro
frqglwlrq pd| eh vdwlvhg/ hyhq zkhq zhoiduh lv qrw kduphg1 Lq dq lqfuhphqwdo lqyhvwphqw
jdph/ d up gulyhv rxw lwv frpshwlwru e| vx!flhqwo| orzhulqj lwv frvw1 Hyhq li wkh ohdglqj
up udlvhv sulfhv diwhu d frpshwlwru h{lwv/ wkh sulfh pljkw hqg xs orzhu wkdq zkhq wkh upv
zhuh idluo| vlplodu lq vl}h1
9 Dsshqgl{
Surri ri Ohppd <= Iru sduwv +d,0+f,/ wkh dujxphqw uholhv rq wkh ghfrpsrvlwlrq ri surwv rxwolqhg
lq Vhfwlrq 6161 Lq doo wkh fdvhv xqghu frqvlghudwlrq/ ghpdqg dqg pdunxsv duh olqhdu ixqfwlrqv ri
wkh vwdwh yduldeohv1 Khqfh wkh ghvluhg surshuwlhv iroorz1
+d, Frqvlghu d gxrsro| zlwk lqyhuvh ghpdqg ixqfwlrqv
s @   t  t2> s2 @ 2  t  t2>
iru rxwsxw ohyhov t dqg t2 dqg sdudphwhuv  A  A 3> d> d2 A 31
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Fohduo|/ wkhvh h{suhvvlrqv duh olqhdu lq pdujlqdo frvwv/ lqfuhdvlqj lq f dqg ghfuhdvlqj lq f / vr
wkdw Ohppd ; fdq eh dssolhg iru fxpxodwhg frvw uhgxfwlrq dv wkh vwdwh yduldeoh1 Wkh vdph dujx0
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phqw zrunv iru wkh txdolw| sdudphwhuv > > dqg wkh glhuhqfh ehwzhhq txdolw| dqg frvw1 Khqfh/
frqglwlrqv +ZLG0R, dqg +ZLG0R, +wkh odwwhu frqglwlrq ghqhg lq Vhfwlrq 71414, krog1
Iru wkh fdvh ri txdqwlw| frpshwlwlrq/ wkh dujxphqw lv wkh vdph/ xvlqj
G @
5 +  f,  +  f,
72  2
> p @
52 +  f,  +  f,
72  2
+e, Frqvlghu wkh vwdqgdug Krwhoolqj prgho ri frpshwlwlrq rq wkh olqh/ zlwk upv orfdwhg dw
z 5 ^3> 4` surgxflqj d jrrg iru zklfk frqvxphuv kdyh zloolqjqhvv wr sd| y1 Vxssrvh fxvwrphuv
duh glvwulexwhg xqlirupo| rq wkh xqlw lqwhuydo1 Vxssrvh wudqvsruwdwlrq frvwv iru fxvwrphu z duh
w +z z,
21 Wkhq/ dvvxplqj wkdw lq htxloleulxp erwk upv kdyh xqlw ghpdqg dqg wkh hqwluh lqwhuydo
lv fryhuhg/ lw wxuqv rxw wkdw wkh pdunxs dqg ghpdqg fdq eh zulwwhq dv
G @
+y  f  y . f,
9w mz  zm
> p @
+y  f  y . f,
6
=
Khqfh/ qr pdwwhu zkhwkhu f> y ru y  f lv xvhg dv d vwdwh yduldeoh/ wkh htxloleulxp pdunxs dqg
ghpdqg duh erwk olqhdu ixqfwlrqv ri wkhvh vwdwh yduldeohv1
Vlplodu uhdvrqlqj vkrzv wkdw zkhq upv duh orfdwhg rq d flufoh/ ghpdqg dqg pdun0xs duh olqhdu
ixqfwlrqv ri pdujlqdo frvwv +vhh Hvzdudq dqg Jdoolql 4<<9 iru ghwdlov,1
+f,/+g, Lq wklv prgho/6< upv vhoo surgxfwv ri glhuhqw txdolwlhv y1 Fxvwrphuv glhu lq wkhlu
ydoxdwlrq  iru txdolw|1 Wklv wdvwh sdudphwhu lv glvwulexwhg xqlirupo| dfurvv wkh lqwhuydo ^> `/
zkhuh   51 Lq wklv fdvh/ lw lv vwudljkwiruzdug wr vkrz wkdw wkh frqglwlrqv ri Ohppd ; vwloo krog
iru \ @ f  f zkhuh f lv vrph uhihuhqfh frvw ohyho1 Qrz frqvlghu \ @ y/ lq wkh erxqgdu| fdvh
wkdw frvwv duh lghqwlfdo1 Surwv fdq eh zulwwhq dv
e @ b +y  y, ^  5`2 iru y ? y

b
+y  y, ^5  `
2 iru y  y

=
Wkxv tct @ 3/ zkhuhyhu wklv lv ghqhg1 Lw vx!fhv wr vkrz wkdw iru \  \> dq| lqfuhphqwdo
lqyhvwphqw g| lqfuhdvhv surwv pruh iru up l wkdq iru up m1 Wklv iroorzv ehfdxvh wkh ydoxh ri
vxfk dq lqyhvwphqw lv ^5   `2 g| iru up l/ zkhuhdv iru up m lw lv
pd{
k
+  5,2 g|> +g|  \ . \, +5   ,




Surri ri Sursrvlwlrq 44= Ohw dW @











dqg d @ +d>d,1 Fohduo|/ li zh
fdq vkrz wkdw \ fo A \
f
r lpsolhv do  dr> wkh uhvxow iroorzv1 Wr dsso| Wkhruhp 8/ lw vx!fhv wr vkrz
wkdw +RVSP, krogv/ dqg wkh jdph kdv vwudwhjlf vxevwlwxwhv dqg lqfuhdvlqj glhuhqfhv lq +d|> \
f
 ,





 , 1 Wr vhh wkdw wkhvh frqglwlrqv krog/ qrwh wkdw wkh orqj0uxq surw ixqfwlrq ri up
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|tct . ===. 
A3tct  3 iru v ? w=
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@ |3@ct . 
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A3tct  3 iru w 5 i4> ===> Wj dqg v ? w=
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@ |3@ct . 
|tct . ===. 
A3tct  3 iru w 5 i4> ===> Wj
Doo ri wkhvh frqglwlrqv duh fohduo| lpsolhg e| +ZLG, dqg +ZLG0G4,1
Surri ri Sursrvlwlrq 45= Ohw Y c|+\|, eh wkh ydoxh ri wkh up lq shulrg w/ dqg ohw d|+\|,
eh wkh htxloleulxp srolf| yhfwru lq shulrg w1
Vwhs 4= Vkrz wkdw frqglwlrq +4, lq wkh Sursrvlwlrq lpsolhv +5,/ l1h1/ wkh dvvxpswlrqv ri Ohppd ;
lpso| olqhdu +dqg wkxv glhuhqwldeoh, srolf| ixqfwlrqv lq hdfk shulrg/ +ZLG0D, dqg +ZLG0G5,1 Ohw
W +Y, @ +df >\, . Y +df.\,
zkhuh df lv wkh Qdvk htxloleulxp ri wkh dx{loldu| vwdwlf jdph zkhuh sod|hu l*v sd|rv duh jlyhq
e| +d>\,. Y +d.\,= Wkhq li  lv txdgudwlf/ W +Y, pdsv txdgudwlf ixqfwlrqv lqwr txdgudwlf
ixqfwlrqv/ dv wkh htxloleulxp vwudwhjlhv df zloo eh olqhdu1 Vlqfh Y cA3+\A3, lv txdgudwlf/ wkh ydoxh
ixqfwlrq lq hdfk shulrg zloo wkhuhiruh eh txdgudwlf/ dqg wkh srolf| ixqfwlrqv olqhdu dqg frqwlqxrxvo|
glhuhqwldeoh1 +ZLG0D, dqg +ZLG0G5, wkhuhiruh krog1
73Khuh dqg lq wkh iroorzlqj/ pl{hg sduwldov glhu dffruglqj wr zkhuh wkh| duh hydoxdwhg> dv wklv grhv qrw
dhfw rxu uhvxowv/ zh gurs wkh dujxphqwv1
6:
Vwhs 5= Vkrz wkdw frqglwlrq +5, ri wkh Sursrvlwlrq lpsolhv wkdw wkh ydoxh ixqfwlrq lv frqwlqxrxvo|
glhuhqwldeoh iru hdfk w1
Vlqfh hdfk up kdv d xqltxh ehvw uhvsrqvh/ dfwlrqv duh fkrvhq iurp d frpsdfw vhw/ d|+\
|3,
lv frqwlqxrxvo| glhuhqwldeoh lq \ |3 > dqg 
 lv wzlfh frqwlqxrxvo| glhuhqwldeoh/ wkh hqyhorsh
wkhruhp lpsolhv wkdw li Y c| lv frqwlqxrxvo| glhuhqwldeoh/ wkhq









lv glhuhqwldeoh lq \|3> dqg
C
C\ |3
Y c|3+\|3, @ t+d














Y c|3+\|3, lv rewdlqhg dqdorjrxvo|1 Vlqfh wkh htxloleulxp srolflhv duh dv0
vxphg wr eh frqwlqxrxvo| glhuhqwldeoh/ wkh ghulydwlyhv ri wkh ydoxh ixqfwlrq duh frqwlqxrxv dv
zhoo1
Wkxv/ vlqfh Y cA3+\A3, lv frqwlqxrxvo| glhuhqwldeoh/ e| lqgxfwlrq wkh ydoxh ixqfwlrq lq hdfk
shulrg lv frqwlqxrxvo| glhuhqwldeoh1
Vwhs 6= Hvwdeolvk frqglwlrqv uhtxluhg iru zhdn lqfuhdvlqj grplqdqfh lq wkh qdo shulrg/ W 1
Qrz/ dvvxph iru vlpsolflw| wkdw wkh ydoxh ixqfwlrq dqg srolf| ixqfwlrq lq hdfk shulrg duh wzlfh
glhuhqwldeoh +li wklv lv qrw wuxh/ zh fdq uhgr wkh iroorzlqj dqdo|vlv zlwk glhuhqfhv udwkhu wkdq
ghulydwlyhv,1 Frqvlghu wkh surshuwlhv uhtxluhg iru lqfuhdvlqj grplqdqfh1 Dv  vdwlvhv +ZLG,/









Frqvlghu uvw zkhwkhu Y cA3 vdwlvhv +ZLG0Y,1 Revhuyh wkdw Y cA3+\A3, @ +dA +\A3,>\A3,=

























































A3,  3 e| Ohppd 61 Wkxv/ wkh iroorzlqj duh






+dA +\A3,>\A3,  3 iru l 9@ m = ZLG/ ZLG0G4/ ZLG0













































+dA +\A3,>\A3, lv srvlwlyh/ dv fdq eh yhulhg lq d vlplodu zd|1
Vwhs 7= Xvh lqgxfwlrq wr vkrz wkdw ZLG0Y krogv iru hdfk w1
Wkh dvvxpswlrqv ri wkh Sursrvlwlrq jxdudqwhh wkdw ZLG0D krogv iru doo w> dqg wkdw ZLG0Y
krogv iru w @ W= Vxssrvh wkdw ZLG0Y krogv iru duelwudu| w= Wkhq/ iroorzlqj vlplodu dujxphqwv wr
deryh/ dqg vlqfh Vwhs 5 hvwdeolvkhg wkdw Y c| lv frqwlqxrxvo| glhuhqwldeoh iru hdfk w/ wkh ghulydwlyhv
ri +d|+\|3,>\|3, . Y c|+d|+\|3,.\|3, fdq eh dqdo|}hg iroorzlqj wkh dssurdfk ri Vwhs 61
Wkxv/ li ZLG0Y krogv lq shulrg w/ lw zloo krog iru w 4= E| lqgxfwlrq/ ZLG0Y krogv iru doo w1
Vwhs 8= Wkh dvvxpswlrqv ri wkh Sursrvlwlrq wrjhwkhu zlwk ZLG0Y lpso| wkdw lq hdfk shulrg w/
Wkhruhp 8 dssolhv wr jxdudqwhh zhdn lqfuhdvlqj grplqdqfh1
Surri ri Sursrvlwlrq 46= Wr suryh wklv uhvxow/ zh xvh wkh iroorzlqj ohppd +vhh/ iru h{dpsoh/
Dwkh| +4<<<,,=
Ohppd 47 Ohw i = [  \ $ U> dqg ohw J%+> }, dqg J++>z, eh suredelolw| glvwulexwlrqv1
Li i+{> |, vdwlvhv lqfuhdvlqj glhuhqfhv lq +{> |,> dqg J%+> }, dqg J++>z, duh qrqlqfuhdvlqj
lq } dqg z/ uhvshfwlyho|/ wkhq
U
i+{> |,gJ%+{> }, vdwlvhv lqfuhdvlqj glhuhqfhv lq +|> },> dqgU





































 3= Ixuwkhu/ vlqfh +ZLG0R, lpsolhv wkdw a kdv lqfuhdvlqj glhuhqfhv
lq +|| >\
|


























Djklrq/ S1/ Kduulv/ F1 dqg Ylfnhuv/ M1 Frpshwlwlrq dqg Jurzwk zlwk Vwhs0e|0Vwhs Lqqryd0
wlrq= Dq h{dpsoh1 Hxurshdq Hfrqrplf Uhylhz/ Yro1 74 +4<<:,/ ss1 ::40:;51
6<
Dplu/ Udedk1 Frxuqrw Roljrsro| dqg wkh Wkhru| ri Vxshuprgxodu Jdphv1 Jdphv dqg
Hfrqrplf Ehkdylru/ Yro1 48 +4<<7,/ ss1 465047;1
Duhhgd/ S1 dqg Wxuqhu/ G1I1 Suhgdwru| Sulflqj dqg Uhodwhg Sudfwlfhv xqghu Vhfwlrq 5 ri
wkh Vkhupdq Dfw1 Kduydug Odz Uhylhz/ Yro1 ;; +4<:8,/ ss1 9<:0:661
Dwkh|/ V1 Fkdudfwhul}lqj Surshuwlhv ri Vwrfkdvwlf Remhfwlyh Ixqfwlrqv1 PLW Zrunlqj
Sdshu Qr1 <904U/ Uhylvhg 4<<<1
Dwkh|/ V1 dqg Vfkpxw}ohu/ D1 Surgxfw dqg Surfhvv Ioh{lelolw| lq dq Lqqrydwlyh Hqylurq0
phqw/ UDQG Mrxuqdo ri Hfrqrplfv/ Yro1 59 +4<<8,/ ss1 88:08:71
Edjzhoo/ N1 dqg Udph|/ J1 Frruglqdwlrq Hfrqrplhv/ Dgyhuwlvlqj/ dqg Vhdufk Ehkdylru lq
Uhwdlo Pdunhwv1 Dphulfdq Hfrqrplf Uhylhz/ Yro1 ;7 +4<<7,/ ss1 7<;084:1
Edjzhoo/ N1/ Udph|/ J1/ dqg Vsxoehu/ G1I1 G|qdplf Uhwdlo Sulfh dqg Lqyhvwphqw Frpsh0
wlwlrq1 UDQG Mrxuqdo ri Hfrqrplfv/ Yro1 5; +4<<:,/ 53:055:1
Edjzhoo/ N1/ dqg U1Z1 Vwdljhu1 Wkh Vhqvlwlylw| ri Vwudwhjlf dqg Fruuhfwlyh U)G Srolf| lq
Roljrsrolvwlf Lqgxvwulhv1 Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ Yro1 69 +4<<7,/ ss1
46604831
Edxpro/ Z1 Txdvl0Shupdqhqfh ri Sulfh Uhgxfwlrqv= D Srolf| iru Suhyhqwlrq ri Suhgdwru|
Sulflqj1 \doh Odz Mrxuqdo/ Yro1 ;< +4<:<,/ ss1 40591
Ehdwk/ M1/ Ndwvrxodfrv/ \1/ Xosk/ G1 Vhtxhqwldo Surgxfw Lqqrydwlrq dqg Lqgxvwu| Hyrox0
wlrq1 Wkh Hfrqrplf Mrxuqdo/ Yro1 <: +4<;:,/ ss1 650761
Eudqghu/ M1 dqg Vshqfhu/ E1 H{sruw Vxevlglhv dqg Lqwhuqdwlrqdo Pdunhw Vkduh Ulydou|1
Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ Yro1 4; +405,1 ss1 ;604331 Iheuxdu| 4<;81
Exgg/ F1/ Kduulv/ F1/ Ylfnhuv/ M1 DPrgho ri wkh Hyroxwlrq ri Gxrsro|= Grhv wkh Dv|pphwu|
ehwzhhq Ilupv Whqg wr Lqfuhdvh ru GhfuhdvhB Uhylhz ri Hfrqrplf Vwxglhv/ Yro1
93 +4<<6,/ ss1 87608:61
Exorz/ M1/ Jhdqdnrsorv/ M1/ dqg Nohpshuhu/ S1 Pxowlpdunhw Roljrsro|= Vwudwhjlf Vxe0
vwlwxwhv dqg Frpsohphqwv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ Yro1 <6 +4<;8,1 ss1
7;;08441
Fdeudo/ O1P1E1 Lqfuhdvlqj Grplqdqfh zlwk Qr H!flhqf| Hhfw1 Plphr/ Orqgrq Exvlqhvv
Vfkrro/ 4<<<1
Fdeudo/ O1P1E1/ Ulrugdq P1K1 Wkh Ohduqlqj Fxuyh/ Pdunhw Grplqdqfh/ dqg Suhgdwru|
Sulflqj1 Hfrqrphwulfd/ Yro1 95 +4<<7,/ ss1 4448044731
g*Dvsuhprqw/ F1/ Jdev}hzlf}/ M1/ Wklvvh/ M10I1 Rq Krwhoolqj*v Vwdelolw| lq Frpshwlwlrq1
Hfrqrphwulfd/ Yro1 4: +4<:<,/ ss1 447804484
Gdylv/ S1 Hpslulfdo Phwkrgv iru Glvfuhwh Jdphv= Txdqwlw| Frpshwlwlrq lq wkh Suhvhqfh ri
Lqglylvlelolwlhv dqg Khwhurjhqhrxv Ilupv1 PLW Vordq Vfkrro ri Exvlqhvv/ 4<<<1
Gl{lw/ D1 D Prgho ri Gxrsro| vxjjhvwlqj d Wkhru| ri Hqwu| Eduulhuv1 Ehoo Mrxuqdo ri
Hfrqrplfv/ Yro1 43 +4<:<,/ ss1 53065
73
Gl{lw/ D1 Frpsdudwlyh Vwdwlfv iru Roljrsro|/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz1 Yro1 5:
+4<;9,/ ss1 43:04551
Hoolfnvrq/ S1 Yhuwlfdo Surgxfw Glhuhqwldwlrq dqg Frpshwlwlrq lq wkh Vxshupdunhw Lqgxv0
wu|1 Sk1G1 Wkhvlv/ PLW/ 4<<<1
Hvzdudq/ P1 dqg Jdoolql/ Q1 Sdwhqw Srolf| dqg wkh Gluhfwlrq ri Whfkqrorjlfdo Fkdqjh1
UDQG Mrxuqdov ri Hfrqrplfv/ Yro1 5: +4<<9,/ ss1 :50:71
Iduuhoo/ M1 dqg Vdorqhu/ J1 Lqvwdoohg Edvh dqg Frpsdwlelolw|= Lqqrydwlrq/ Surgxfw Suhdq0
qrxqfhphqwv/ dqg Suhgdwlrq1 Dphulfdq Hfrqrplf Uhylhz/ :9 +4<;9,/ ss1 <730
<881
Ihuvkwpdq/ F1 dqg Mxgg/ N1 O1 Htxloleulxp Lqfhqwlyhv lq Roljrsro|1 Dphulfdq Hfrqrplf
Uhylhz/ Yro1 :: +4<;:,/ ss1 <5:0<731
Iodkhuw|/ W1 P1 Lqgxvwu| Vwuxfwxuh dqg Frvw0Uhgxflqj Lqyhvwphqw1 Hfrqrphwulfd/ Yro1
7; +4<;3,/ ss1 44;:0453<1
Ixghqehuj/ G1 dqg M1 Wluroh1 Wkh Idw0Fdw Hhfw/ wkh Sxss|0Grj Sor|/ dqg wkh Ohdq dqg
Kxqju| Orrn11 Dphulfdq Hfrqrplf Uhylhz/ Yro1 :7 +4<;7,/ ss1 6940991
Ixghqehuj/ G1 dqg M1 Wluroh1 Jdph Wkhru|/ Fdpeulgjh/ Pdvv1 dqg Orqgrq= PLW Suhvv/
4<<41
Juxehu/ K1 Ohduqlqj dqg Vwudwhjlf Surgxfw Lqqrydwlrq= Wkhru| dqg Hylghqfh iru wkh Vhpl0
frqgxfwru Lqgxvwu|1 Dpvwhugdp= Qruwk0Kroodqg/ 4<<71
Ndw}/ P1 dqg Vkdslur/ F1 Whfkqrorj| Dgrswlrq lq wkh Suhvhqfh ri Qhwzrun H{whuqdolwlhv1
Mrxuqdo ri Srolwlfdo Hfrqrp|/ Yro1 <7 +4<;9,/ ss1 ;550;741
Nohsshu/ V1 Hqwu|/ H{lw/ Jurzwk/ dqg Lqqrydwlrq ryhu wkh Surgxfw Olih F|foh/ Wkh Dphu0
lfdq Hfrqrplf Uhylhz/ Yro1 ;9 +4<<9,/ ss1 89508;61
Ohh/ W1 dqg Zlogh/ O1O1 Pdunhw Vwuxfwxuh dqg Lqqrydwlrq= D Uhirupxodwlrq1 Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ Yro1 <7 +4<;3, ss1 75<07691
Orxu|/ J1 Pdunhw Vwuxfwxuh dqg Lqqrydwlrq1 Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yro1 <6
+4<:<,/ ss1 6<807431
Plojurp/ S1 dqg M1 Urehuwv1 Udwlrqdol}delolw|/ Ohduqlqj/ dqg Htxloleulxp lq Jdphv zlwk
Vwudwhjlf Frpsohphqwdulwlhv1 Hfrqrphwulfd/ Yro1 8; +4<<3,/ ss1 4588045::1
Prxolq/ K1 D{lrpv ri Frrshudwlyh Ghflvlrq Pdnlqj1 Fdpeulgjh Xqlyhuvlw| Suhvv= Qhz \run/
4<;;1
Qryvkhn/ Z1 Rq wkh H{lvwhqfh ri Frxuqrw Htxloleulxp1 Uhylhz ri Hfrqrplf Vwxglhv/ Yro1
85 +4<;8,/ ss1 ;80<;1
Uhlqjdqxp/ M1I1 Lqqrydwlrq dqg Lqgxvwu| Hyroxwlrq1 Txduwhuo| Mrxuqdo ri Hfrqrplfv/
Yro1 << +4<;8,/ ss1 ;40<<1
Urjhuvrq/ Z1S1/1 Wkh Vrfldo Frvwv ri Prqrsro| dqg Uhjxodwlrq= D Jdph0Wkhruhwlf Dqdo0
|vlv1 Ehoo Mrxuqdo ri Hfrqrplfv/ Yro1 46 +4<;5,/ ss1 6<407341
74
Urqqhq/ X1 Plqlpxp Txdolw| Vwdqgdugv/ Il{hg Frvwv/ dqg Frpshwlwlrq1 UDQG Mrxuqdo
ri Hfrqrplfv/ Yro1 55 +4<<4,/ ss1 7<308371
Vhowhq/ U1/ Suhlvsrolwln ghu Phkusurgxnwxqwhuqhkpxqj lq ghu Vwdwlvfkhq Wkhrulh/ Vsulqjhu0
Yhuodj/ Ehuolq/ 4<:31
Vkdnhg/ D1 dqg Vxwwrq/ M1 Uhod{lqj Sulfh Frpshwlwlrq wkurxjk Surgxfw Glhuhqwldwlrq1
Uhylhz ri Hfrqrplf Vwxglhv/ Yro1 7< +4<;5,/ ss1 604<1
Vshqfhu/ E1 dqg Eudqghu/ M1 Lqwhuqdwlrqdo U ) G Ulydou| dqg Lqgxvwuldo Vwudwhj|1 Uhylhz
ri Hfrqrplf Vwxglhv/ Yro1 83 +4<;6,/ ss1 :3:0551
Vxwwrq/ M1 Vxqn Frvwv dqg Pdunhw Vwuxfwxuh1 PLW Suhvv= Fdpeulgjh/ 4<<41
Vxwwrq/ M1 Whfkqrorj| dqg Pdunhw Vwuxfwxuh1 PLW Suhvv= Fdpeulgjh/ 4<<;1
Wluroh/ M1 Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq1 PLW Suhvv= Fdpeulgjh/ 4<;;1
Wrsnlv/ G1 Plqlpl}lqj d Vxeprgxodu Ixqfwlrq rq d Odwwlfh1 Rshudwlrqv Uhvhdufk/ Yro1 59
+4<:;,/ ss1 63806541
Wrsnlv/ G1Htxloleulxp Srlqwv lq Qrq}hur0Vxp q0shuvrq Vxeprgxodu Jdphv/ Rshudwlrqv
Uhvhdufk/ Yro1 5: +4<:<,/ ss1 63806541
Ylfnhuv/ M1 Wkh Hyroxwlrq ri Pdunhw Vwuxfwxuh zkhq wkhuh lv d Vhtxhqfh ri Lqqrydwlrqv1
Wkh Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ Yro1 68 +4<;9,/ ss1 40461
Ylyhv/ [1 Qdvk Htxloleulxp zlwk Vwudwhjlf Frpsohphqwdulwlhv/ Mrxuqdo ri Pdwkhpdwlfdo
Hfrqrplfv/ Yro1 4< +4<<3,/ ss1 63806541
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